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Sparse Reconstruction Algorithm for
Nonhomogeneous Counting Rate Estimation

T. Trigano, Member, IEEE, Y. Sepulcre and Y. Ritov

Abstract—One of the main objectives of nuclear spectroscopy
is the estimation of the counting rate of unknown radioactive
sources. Recently we proposed an algorithm based on a sparse
reconstruction of the time signal in order to estimate precisely this
counting rate, under the assumption that it remained constant
over time. Computable bounds were obtained to quantify the per-
formances. This approach, based on a post-processed approach
of a nonnegative sparse regression of the time signal, performed
well even when the activity of the source was high. The purpose
of this paper is to present an extension of the previous method for
an activity varying over time. It relies on the same preliminary
sparse reconstruction. However the post-processed and plug-in
steps are made differently to fit the nonhomogeneous framework.
The adapted bounds are presented, and results on simulations
illustrate the advantages and limitations of this method.

Index Terms—Statistical signal processing, nonparametrics,
sparse signal representation, LASSO, nuclear spectroscopy, ac-
tivity estimation.

I. INTRODUCTION

RANDOM point processes are extensively used in numer-
ous fields to model localized events. One of the most

common models is the Poisson process, homogeneous or non-
homogeneous. Though simple, its extensive use stems from
its relevance in modeling numerous phenomena occurring in
practical situations. Typical applications include, in particular,
nuclear spectroscopy [1], [2], PET imaging [3], biomedical
engineering and neural spike modeling [4]–[7], optics, com-
munications and more [8].

In this paper we present an application stemming from the
nuclear science framework, namely the estimation of a time-
varying radioactive activity of a gamma emitting source. In
a typical spectroscopy experiment, an unknown radioactive
source emits photons at random times, which are modeled
by a Poisson process. Each photon which interacts with a
semiconductor detector produces electron-hole pairs whose
migration generates an electrical pulse of finite duration. We
can therefore estimate the activity of the source by counting
the number of activity periods of the detector. We refer the
reader to [9] for further insights on the physical aspects in this
framework. However, when the source is highly radioactive,
the durations of the electrical pulses may be longer than
their interarrival times, thus the pulses can overlap. In gamma
spectrometry, this phenomenon is referred to as pileup. Such
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a distortion induces an underestimation of the activity, which
become more severe as the counting rate increases. A typical
recorded signal at very high activity is displayed in Figure 1a,
with a zoom-in on a segment showing numerous pileups in
Figure 1b.

The problem to address is related to the estimation of the
intensity of shot-noise processes from one or more sample
paths. Numerous methods have been suggested in that mat-
ter: [10]–[12] used a variant of the EM algorithm, considering
the intensity estimation in a missing data framework, while
sequential Monte-Carlo methods have been used in [13], [14].
Uses of both parametric [15] and nonparametric [16]–[18]
models have also been investigated. This paper can be related
to [19], in which the intensity of a nonhomogeneous Poisson
process is estimated from sampled data of a shot-noise process
with known impulse response, and to [20], in which the
joint estimation of the intensity and the impulse response is
performed. Both rely on a penalized regression of the observed
signal with the Tikhonov regularization. Though the approach
proposed in this paper shares a similar basis, we note that [19],
[20] rely on a time-invariant impulse response from the shot-
noise model. Such assumption does not hold in our framework,
since the pulse shape associated with an individual photon
may vary. Recent advances in compressive sensing and sparse
reconstruction also allowed reinvestigation of this problem
with a new outlook [21]–[24]. Using a coarse dictionary
of possible shapes and sparse reconstruction methods, [25]
proposed a two-step algorithm to estimate the intensity of a
homogeneous Poisson process from a sample path, and derived
practical bounds to quantify the performances of the algorithm.

The present paper is a generalization of [25], [26] for non-
homoegeneous Poisson processes (NHPPs). It is organized as
follows: in the next section we present the model and assump-
tions used for the estimation of an NHPP’s intensity, given a
recorded signal stemming from a spectrometrical apparatus.
We then provide practical, computable bounds justifying the
proposed algorithm for the estimation of the arrival times.
The latter is done by means of a novel iterative algorithm,
based on a LASSO-driven selection of sampling points of
the signal as potential starting points of electrical pulses. The
obtained estimates of the arrival times are then plugged in
into a non-parametric estimator of the intensity whose error
decomposition is provided. Eventually, results on simulations
show the efficiency of the proposed approach. Results obtained
on real datasets also illustrate the efficiency of the arrival times
estimation procedure.
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(a) Example of a spectrometric signal - the highest values correspond to
detector’s overshoots.

(b) Example of a spectrometric signal exhibiting numerous pileups.

Fig. 1. Typical signals resulting from a nuclear spectroscopy experiment.

II. OVERVIEW OF THE ALGORITHM

Alongside the paper, we will use a model similar to the
one in [25]. We will briefly recall it for convenience, and
present the proposed method for activity estimation in a
nonhomogeneous setting.

A. Model Description

We observe a signal on the time interval [0;T ] uniformly
sampled on T ∆

= {0 = t0, t1, t2, . . . , tN−1, tN = T} with
sampling period ∆t,

yi =
M∑
n=1

EnΦn(ti − Tn) + εi, 0 ≤ i ≤ N − 1 , (1)

where {Tn , 1 ≤ n ≤M} is the sample path of an non-
homogeneous Poisson process (NHPP) with unknown,
bounded, intensity λ(t), {En, 1 ≤ n ≤M} is a sequence of
independent and identically distributed (iid) random variables
representing the photonic energies with unknown probability
density function, {Φn, 1 ≤ n ≤M} is a sequence of functions
to be defined later which characterize the electric pulse shapes
generated by the photons, and {εi, 0 ≤ i ≤ N − 1} is a
sequence of iid Gaussian random variables with zero mean
and variance σ2 representing the additional noise of the input
signal. We assume in this paper that the activity λ(t) of
the underlying NHPP is upper bounded, with finite `∞-norm
‖λ‖∞, and that the energies En are almost surely bounded by
positive constants emin ≤ En ≤ emax.

As noted in [25], neither the energies nor the shapes are
known in practice. However, mild and plausible assumptions
can be made: most HPGe detectors deliver pulses characterized
by rapid growth created by the charge collection followed
by exponential decay as the charges migrate to the detector
electrodes. Thus, a natural idea is to rely on some user
predefined dictionary of truncated gamma shapes in order to
obtain a reliable model of (1) that we can work with. Since a
gamma shape is parametrized by two parameters — its shape

and scale —, we define a set of p pairs of such parameters by
θ

∆
= {(θ(s)

1 , θ
(s)
2 ); s = 1, 2, . . . , p}. For all s = 1, . . . , p, we

define the following pulse shape:

Γs(t)
∆
= cs t

θ
(s)
1 exp(−θ(s)

2 t)1(0 < t ≤ τ∆t), (2)

where τ is a positive constant integer defining the common
support of the pulse shapes, and cs is a normalizing constant

chosen so that
1

N

N−1∑
i=0

Γs(ti)
2

= 1. This normalization allows

to directly relate the photon energies En to the regressors to
be defined later. It also simplifies the proofs of the presented
results. Accordingly, we define the following N×p matrix Ak

whose columns are sampled versions of the previously defined
pulse shapes, translated by tk:

Ak
∆
= [ Γs(ti − tk) ]0≤i≤N−1,1≤s≤p. (3)

We further on refer to Ak in (3) as the time block associated
to the k-th point. We now define a global dictionary A by
concatenating these time blocks:

A ∆
= [A0 A1 · · · AN−1] . (4)

Given any vector β of size pN , it is thus naturally decom-
posed along the timeblocks: β = [βT0 ; . . . ;βTN−1]

T
, where for

all i, βi ∈ Rp; its block pattern can be introduced as:

J(β)
∆
= {i ; βi 6= 0} . (5)

In order to provide a model taking into account the dis-
cretization in time, it is convenient to work with the sampling
points that are the closest to the Tk’s, in other words to
introduce:

P0
∆
=
{

[Tn/∆t] ; n = 1, · · · ,M
}
,
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and to relate (1) to a more standard regression model. More
precisely, we can denote by R the subset of non negative
regressors as follows:

R ∆
=

β ∈ RNp+ ; ∀j , ‖βj‖1 =
∑

{n;[Tn]=tj}

En

 .

R is the set of candidate regressors related to the quantization
of the energies En involved in (1). We thus define the optimal
regressor β0 as the regressor in R which fits optimally the
actual noiseless model in terms of `2 norm, with regards to
P0:

β0 ∆
= Arg min

β∈R, J(β)=P0


N−1∑
i=0

(
M∑
n=1

EnΦn(ti − Tn) − Aβi

)2
 .

(6)
We emphasize that the definition of the optimal regressor is by
no means unique. However, the formulation in (6) is conve-
nient for theoretical developments. Moreover, if ‖λ‖∞∆t� 1,
it is likely that β0 will be sparse, therefore relating to the
method used in the rest of the paper.

Thus, the model investigated throughout the rest of the paper
is

y = Aβ0 + ε+ δ, (7)

where y
∆
= [y0, y1, . . . , yN−1]

T , ε ∆
= [ε0, ε1, . . . , εN−1]

T ,
β0 is the sparse non negative vector whose non-null entries
belong to the blocks indexed by P0, as defined in (6), δ ∆

=
[δ0, δ1, . . . , δN−1]

T is a vector quantifying the discretization
error made between (1) and (7).

Remark: In this paper, we assumed that the variance
of the additional noise, σ2, is perfectly known. In practice,
such assumption does not hold, but the noise variance of the
spectrometer is usually estimated either during a preliminary
calibration procedure, either when the detector is in idle
state or between two consecutive pile-ups and records only
noise. For the off-line processing of spectrometric data, or
for very high counting rates, approaches performing the joint
estimation of β0 and σ2 as appearing in [27], [28] should be
preferred. These investigations are beyond the scope of the
present paper, and should be discussed in future contributions.
�

B. Additional Notations and Assumptions

Alongside the rest of the paper, we shall use some notations
from [25], which we recall and for convenience.

Given any finite discrete set I , we denote by |I| its cardi-
nality. If I denotes a subset of {0, 1, . . . , N − 1}, we denote
by AI the submatrix of A obtained by concatenation of time
blocks whose index belong to I , namely

AI
∆
= [· · · ,Ak, · · · ]k∈I . (8)

Given two subsets I, J of {0, 1, . . . , N − 1}, we define the
Gram matrix of size p|I| × p|J | associated to AI and AJ as

GI,J
∆
=

1

N
ATI AJ , (9)

It is straightforward result that for the support length τ
introduced at (2), whenever |i− j| > τ for all (i, j) ∈ I × J
then GI,J = 0. Two particular cases are to be further noted:
• whenever I = J and reduces to one element, one could

drop the dependency in I, J in (9) and write simply G,
since by the very construction of A, the Gram matrix
of one timeblock is independent of the block index. We
shall denote its minimal element by µ

∆
= minG; by

construction, µ > 0.
• whenever I = k; J = j are two distinct integers, then

the maximal element of the matrix Gk;j depends only
upon the difference |k − j| = i, i.e. one could introduce
the following function measuring the decreasing of the
correlation between timeblocks:

ρ(i)
∆
= max Gk;j ; i = |k − j| (10)

III. NONPARAMETRIC LASSO-BASED ESTIMATOR OF THE
ACTIVITY

Numerous estimators have been proposed in the literature
for the estimation of the intensity of Poisson processes, both
in homogeneous and non-homogeneous settings [29]–[31].
Nevertheless, all these methods assume a full knowledge of
the sample path {Tn , 1 ≤ n ≤M}, which is unavailable in
our case. The suggested method can therefore be decomposed
into two main steps: we first estimate the arrival times from
y, and the obtained values are afterwards plugged in into a
standard kernel estimate of the intensity.

The method used for the estimation of arrival times (or,
equivalently, P0) is the same as in [25], and is based on
the non-negative LASSO [32], [33] (NNLASSO) which is
introduced in the following optimization problem:

β̂(r) = Arg min
β∈RNp

+

{
1

2N
‖y− Aβ‖22 + r ‖β‖1

}
, (11)

where the tuning parameter r quantifies the trade-off between
sparsity and estimation precision. The NNLASSO provides
a sparse estimator β̂(r) such that Aβ̂(r) approximates y.
We do not expect exact pattern recovery, since it relies upon
restrictive conditions that are not met here. However, the
NNLASSO pattern, being sparse for well-chosen values of r,
should be concentrated nearby the support P0.

In this paper, the intensity estimation procedure consists
of plugging estimates of the arrival times in a nonparametric
kernel estimate of the intensity, and will be denoted by NIL
(Nonparametric Intensity using LASSO). The computation of
λ̂NIL is detailed in Subsection III-B. Though this approach
seems natural in light of [25], it should be emphasized that this
plug-in approach raises numerous questions. Contrary to the
homogeneous case, where only the greatest arrival times and
the number of pulses were required to estimate the intensity,
in the non-homogeneous setting we need to guarantee a good
localization of the times estimates as well. This is particularly
challenging, since it is well known that LASSO cannot provide
consistency in selection unless irrepresentability conditions
hold, which is not the case here. Furthermore, the sparsity
parameter r and the parameters typically related to nonpara-
metric kernel estimation (such as the type of kernel and its
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bandwidth) should be carefully selected. In the following
sections, we shall detail the estimation procedure and pro-
vide theoretical results and further insights on the proposed
approach, such as the related estimation error.

A. Results on the Estimation of the Arrival Times

We recall in Table I the notations used in the regression
model and the estimation of the arrival times. These terms
will appear in the following propositions.

Variable
name

Definition Assumptions/Remarks

En Photonic energies emin ≤ En ≤ emax almost
surely

λ(t) Source activity Bounded by ‖λ‖∞

A Dictionary Made of translated shapes of
durations τ∆t

σ Additive noise
standard deviation

AI

sub-dictionary of
blocks Ai indexed by

elements i of
I ⊂ {0, 1, . . . , N−1}

Denoted by Ai;j if I = {i, j}

β0 True regressor Sparse vector

δ

Discretization error
between

M∑
n=1

EnΦ(ti − Tn)

and Aβ0
i

β̂(r)
LASSO estimate of

β0
LASSO estimate with
a sparsity parameter r

J(β)
{0 ≤ i ≤

N − 1 ; βi 6= 0}
Block-sparsity pattern of any

vector β

GI,J

Gram matrix
1

N
AT

I AJ

Denoted by G if I = J , Gi;j

if I = {i} and J = {j}

ρ(i) ρ(i) = maxGi,j
Criterion of cross-correlation

between timeblocks

µ µ = minG
Minimum cross-correlation
between dictionary’s shapes

α
Thresholding level of

the ‖β̂i(r)‖1
TABLE I

SUMMARY OF THE NOTATIONS RELATED TO THE REGRESSION MODEL AND
THE ESTIMATIONS OF THE ARRIVAL TIMES

At each integer k corresponding to a pulse start one should
observe a significantly high correlation between the signal
and the columns of the k−th block Ak; more generally the
same should hold for columns belonging to close surrounding
blocks. This is why we expect that NNLASSO would select
shapes inside several blocks close to the ones indexed by P0.
To begin with, we provide a bound on maxk∈P0

∥∥β0
k

∥∥
1
. It

relies on a priory known bounds on the energy carried by a
single photon.

Lemma 1: Let 0 < η < 1. Define q as the least positive
integer satisfying:

(‖λ‖∞∆t)q

q!
< η ; (12)

Conditionally to a given Poissonian sample, we have:

P
(

max
k∈P0

∥∥β0
k

∥∥
1
≤ q emax

)
≥ 1− η#P0

Proof: See Appendix B.
The motivation of Lemma 1 can be explained briefly as
follows: when the activity of the source is too high, the proba-
bility of having two or more photon arrival times between two
sampling times increases. However, we know that NNLASSO
performs poorly regarding consistency in selection. Therefore,
Lemma 1 guarantees that at most q pulses start around the
same sampling point, with a probability depending on the the
actual sparsity parameter P0.

Based on Lemma 1, Proposition 1 provides sufficient con-
ditions so that some thresholded LASSO pattern is close to
the subset P0 with a sufficiently high probability.

Proposition 1: Let 0 < η < 1. Define q as in (12) from
Lemma 1, and let m be a positive integer. If r and α are
chosen such that:

α > 2σ
√
τ + 1 +

‖δ‖2√
N
, r > 2qemax

∑
i>m

ρ(i),

then for any integer j satisfying the following threshold
condition: ∥∥∥β̂j(r)∥∥∥

1
> α , (13)

there exists an element j0 in P0 such that |j − j0| ≤ m, with
probability greater than 1− η#P0.

Proof: See Appendix C.
In the result given above, m denotes a level of confidence
between the actual sparsity pattern P0 and the one derived
from a thresholded version of the NNLASSO regressor β̂(r).
Proposition 1 states that under a prior assumption on the
activity, the choice of m induces a lower bound on the values
of the sparsity parameter r and the threshold α. With these
settings, any sampling time tj such that β̂j(r) satisfies (13) is
close from at most m sampling points to some actual photon
arrival time. Hence Proposition 1 indicates that a possible
strategy to estimate P0 is to use such a thresholded version of
β̂(r). Nevertheless, Proposition 1 can be considered somehow
incomplete, since it does not guarantee that all the elements
of P0 are close from at most m sampling points to a block
β̂j(r) satisfying (13) as well. Furthermore, Proposition 1
raises another valid concern: the amplitudes of the electrical
pulses depend on the photons’ energies En, and if some pulse
has a small amount of energy, it might simply go undetected
due to the thresholding step. Eventually, this would result in
an underestimation of the activity.

The following proposition answers to both concerns. It
provides upper bounds on r and α such that all the elements
of P0 are close to a block β̂j(r) satisfying (13) with a high
probability. Furthermore, it gives a condition on the minimal
energy emin so that no pulse of small energy would be
discarded by the thresholding operation.

Proposition 2: Assume that

µemin > 2σ
√
τ + 1 +

‖δ‖2√
N

; (14)

Suppose the sparsity parameter r is chosen satisfying:

0 < r < µemin − 2σ
√
τ + 1−

‖δ‖2√
N

; (15)
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with r set as before, let m be the smallest integer satisfying

∑
i>m

ρ(i) <
µemin − 2σ

√
τ + 1− ‖δ‖2√

N
− r

2 maxj

∥∥∥β̂j(r)∥∥∥
1

, (16)

and α satisfying

1

2m+ 1

[
µemin − 2σ

√
τ + 1−

‖δ‖2√
N

− 2

(∑
i>m

ρ(i)

)
max
j

∥∥∥β̂j(r)∥∥∥
1
− r
]
> α . (17)

Then for all k in P0, there exists at least one integer j such
that

∥∥∥β̂j(r)∥∥∥
1
≥ α and |j − k| ≤ m, with probability greater

than 1−N exp(−N(τ + 1)/2).
Proof: See Appendix D.

In proposition 2, an assumption of the minimal energy
of a pulse sets a condition for r; for each such r one can
associate a precision level m, and finally possible values for
α. Since we aim for pulse localization, the best possible
precision is recommended, hence (16) could be seen as a way
to select an optimal r. Indeed one should choose a value of
r providing the highest right hand side in (16), because a
quantity such as

∑
i>m

ρ(i) decreases with m. Alternatively, we

can remark that (14) can also be interpreted as a condition
on the sampling period ∆t, since µ tends to increase as ∆t
decreases. Knowledge of the radioactive source (that is, emin)
defines which sampling frequency should be used to guarantee
the localization of small electrical pulses. Conversely, if the
sampling frequency of the apparatus is set, the practitioner
should be aware that there is a minimum energy level below
which some electrical pulses can go undetected.

We wish now to provide assumptions guaranteeing both
conclusions of propositions 1 and 2. It is worth noting that in
such a statement, the parameter choices should involve not just
a prior lower bound emin, but also a prior upper bound emax,
on the individual energies. This can be easily understood: the
higher the energy is, the higher the points of the associated
electrical pulse will be, even those remote from its starting
point. This is likely to make NNLASSO put coefficients inside
single electrical pulses; this situation impinges seriously upon
time localization.

Proposition 3: Assume the following:

µemin > 2(τ + 1)

[
2σ
√
τ + 1 +

‖δ‖2√
N

]
(18)

Let r be a positive parameter such that:

r < µemin − 2(τ + 1)

[
2σ
√
τ + 1 +

‖δ‖2√
N

]
(19)

To such a choice of r associate the smallest integer m ≤ τ
such that both inequalities hold:∑
i>m

ρ(i) <
r

2qemax
(20)

∑
i>m

ρ(i) <
µemin − 2(m+ 1)

[
2σ
√
τ + 1− ‖δ‖2√

N

]
− r

2 maxj

∥∥∥β̂j(r)∥∥∥
1

;

(21)

Set now the threshold value α so that

1

2m+ 1

[
µemin − 2σ

√
τ + 1−

‖δ‖2√
N
− r

− 2

(∑
i>m

ρ(i)

)
max
j

∥∥∥β̂j(r)∥∥∥
1

]
> α > 2σ

√
τ + 1 +

‖δ‖2√
N

(22)

then both conclusions of Proposition 2 and Proposition 1 hold
under probability 1 − η#P0 − N exp(−N(τ + 1)/2).

Proof: The first condition (18) about the minimal energy
concentrated at an integer of P0 makes possible the indicated
choices of r and α. The rest follows from the other proposi-
tions above.

B. Overview of the Method for NHPP Intensity Estimation

In this section we assume that conditions of proposition 3
are met, and that accordingly we set the parameter r, the
threshold value α, and the integer m used as a confidence
neighbourhood size for pulse localization. From the previous
results, two distinct integers j1, j2 in J(β̂(r)) such that
‖β̂j1(r)‖1 > α and ‖β̂j2(r)‖1 > α cannot be related to
one single element of P0 as long as they are distant from
at least 2m+1. Therefore we shall consider a maximal length
sequence of elements in J(β̂(r)), which are pairwise distant
from 2m+ 1 to the least:

M̂
∆
= max

{
M ∈ N ; ∃ j1 < · · · < jM ∈ J(β̂(r))

s.t. ‖β̂jk(r)‖1 > α and jk+1 − jk > 2m ∀ k ≤M
}

;

(23)

denote also by {ĵi , 1 ≤ i ≤ M̂} a sequence of elements
in J(β̂(r)) satisfying both thresholding and distance criteria
and reaching the length that is specified in (23). Our estimated
arrival times shall be defined by T̂i = ĵi∆t, i = 1, · · · , M̂ . To
further estimate the activity λ(t), we plug the estimated arrival
times { T̂i , i = 1, · · · , M̂ } into the Lewis and Shedler [30]
nonparametric estimator as follows:

λ̂NIL(t) =
1

h

M̂∑
i=1

W

(
t− T̂i
h

)
, (24)

where W is a kernel function and h > 0 is a user-defined
bandwidth parameter. The following assumptions on the kernel
function W are made:
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1) W is defined on a symmetric compact support
[−`(W )/2 ; `(W )/2] for some positive number `(W ),

such that
∫ ∞
−∞

W (t) dt = 1.

2) W has a bounded derivative.

These assumptions shall be used to investigate the behaviour
of the error between λ and λ̂NIL.

C. Error Decomposition

In this section we aim to bound the final error term ‖λ̂NIL−
λ‖2 by decomposing it as a sum of terms we can control. It is
well known that when t is getting too close to the boundaries
of the observational time window [0, T ], a bias appears in
the estimation due to the lack of data to estimate λ(t) accu-
rately [34]. We shall therefore make use for the error of the
`2 distance between two square integrable functions f ; g both
defined on the restricted interval [h`(W )/2;T − h`(W )/2]

i.e.: ‖f − g‖2 =

(
T−h`(W )/2∫
h`(W )/2

(f(t)− g(t))2dt

)1/2

. We shall

first introduce the intermediate estimator λ̂oracle: in practice,
the only information we could get from the sampled signal y
resides in the rounded beginnings of individual pulses, so the
oracle estimator can be defined as follows

λ̂oracle(t) =
1

h

∑
k∈P0

W

(
t− tk
h

)
. (25)

This estimator relies on the sole random pattern P0, and does
not take into account (possible) multiple pulses relating to one
single sampling time. Hence, as a first step one could bound
the error with the following two terms:

‖λ− λ̂NIL‖2 ≤ ‖λ− λ̂oracle‖2 + ‖λ̂oracle − λ̂NIL‖2 (26)

Next proposition bounds the expectation of the first error term
‖λ − λ̂oracle‖2, which is so far unrelated to any particular
method of sample estimation. A bound on the term ‖λ̂oracle−
λ̂NIL‖2 is the matter of proposition 5 and corollary 1.

Proposition 4: Assume that ‖λ‖∞∆t < 3. Then:

E[‖λ− λ̂oracle‖2]

≤
‖W‖22
h

T∫
0

λ(t) dt + ‖λ‖2∞ (T − `(W )h)

+
∆t
√

∆t + h`(W )

2h2
‖W ′‖∞

T∫
0

λ(t)dt

+
‖W‖2
2
√
h
‖λ‖∞∆t

T∫
0

λ(t)dt (27)

Proof: See Appendix E.
We now provide in the next proposition an error bound for
‖λ̂NIL − λ̂oracle‖2.

Proposition 5: Under the assumptions of Proposition 2 the
corresponding estimator λ̂NIL satisfies the following:

‖λ̂NIL − λ̂oracle‖2

≤ ‖W‖2√
h

(#P0 − M̂)

+ M̂
‖W ′‖∞∆t

h2
m
√

2m∆t + h`(W ) (28)

Proof: Given any i = 1, · · · , M̂ let us associate the time
tk(i), for k(i) ∈ P0, which is the closest to T̂i: obviously this
defines a one-to-one correspondence between the set {T̂i; i =

1, · · · , M̂} and some subset of P0 we shall denote by P̂0. By
proposition 1 the following bound holds for each difference:∣∣∣W( t−T̂i

h

)
−W

(
t−tk(i)

h

) ∣∣∣ ≤ ‖W ′‖∞m∆t
h , for all t and

i = 1, · · · , M̂ , and such a difference is nonzero only when
|t− T̂i| < h `(W )

2 + m∆t ; so that we have:∥∥∥∥∥W( t− T̂ih

)
−W

( t− tk(i)

h

)∥∥∥∥∥
2

≤ ‖W ′‖∞
m∆t

√
2m∆t+ h`(W )

h
;

this immediately yields the following:∥∥∥λ̂NIL − λ̂oracle∥∥∥
2

≤ 1

h

∥∥∥∥∥∥
M̂∑
i=1

W

(
t− T̂i
h

)
−
∑
k∈P0

W

(
t− tk
h

)∥∥∥∥∥∥
2

≤ 1

h

M̂∑
i=1

∥∥∥∥∥W
(
t− T̂i
h

)
−W

(
t− tk(i)

h

)∥∥∥∥∥
2

+
1

h

∑
k∈P0\P̂0

∥∥∥∥W (
t− tk
h

)∥∥∥∥
2

≤ M̂‖W ′‖∞
m∆t

√
2m∆t + h`(W )

h2

+
1√
h

(#P0 − M̂)‖W‖2

As a remark, note that though M̂ can be computed from
the NNLASSO regressor β̂(r), it seems difficult to bound
it optimally, especially from below. Besides, if conditions of
Proposition 3 are met, then M̂ is lower bounded by the length
of a maximal subsequence of Poissonian times which are
pairwise distant from 4m+ 1 to the least when rounded, i.e.

M̂ ≥ max
{
K ; ∃ i1 < i2 < · · · < iK all in P0

s.t. ij+1 − ij > 4m ∀ j
}

We shall denote by P (m)
0 any sub-sequence of P0 whose length

reaches the maximum indicated above. The next corollary
follows immediately from proposition 5.
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Corollary 1: Suppose all conditions of proposition 3 are
satisfied, and assume the kernel function W and the bandwidth
h satisfy (

‖W ′‖∞∆t

‖W‖2
m

)2

<
h3

2m∆t + h`(W )
;

then the following holds:

‖λ̂NIL − λ̂oracle‖2

≤ ‖W‖2√
h

(#P0 −#P
(m)
0 )

+ #P
(m)
0

‖W ′‖∞∆t

h2
m
√

2m∆t + h`(W ) (29)

Remark: The result can be related to the result discussed
in [27], that good estimation (in the sense of adaptivity) can
be performed if #J(β0) log(Np/#J(β0)) < N . Indeed, this
inequality can hold provided ‖λ(t)‖∞ is sufficiently small.
Moreover, it can be observed that all along the proofs of
the different results, we made no use of the fact that ∆t is
constant. This assumption can indeed be relaxed by assuming
only that ∆t is bounded with probability one. This guarantees
that results of similar nature remain valid, even in cases of
jitter from the Analog-Digital converter. �

IV. APPLICATIONS

In this section, we present results obtained from simulations.
The overall implementation was done in Matlab, and the non-
negative LASSO implementation is taken from the SparseLab
library, available at http://sparselab.stanford.edu/.

A. Results on Simulations

The intensity of the Poisson process is chosen equal to

λ(t)
∆
= 0.2e−(t−30)2/75 + xe−(t−60)2/50

on [0, 100], where x is a tuning parameter chosen between 0.1
and 3 in order to investigate the performances of the approach
for high to very high counting rates. The sampling rate of the
signal is taken equal to ∆t = 1. The energies {En, n ≥ 0}
are drawn according to a truncated Gaussian density with
mean 700 and standard deviation 10, with support [670, 730].
The noise variance is chosen such that σ = 1, in order to
reflect the excellent Signal Noise Ratios (SNRs) encountered
in the case of HPGe detectors commonly used in the field.
The electrical pulses’ shapes were created accordingly to (2),
and two cases were investigated: in the first one, shapes
were drawn randomly from A; in the second case, Gamma
shapes were created with parameters θ1, θ2 chosen randomly
accordingly to a uniform distribution on [0.3, 1.3]. 20 different
shapes (and their shifted versions) were used in the dictionary
A, with parameters θ1 = θ2 ranging from 0.4 to 1.2. This
choice illustrates the fact that A must be carefully chosen,
though some discrepancy between the shapes appearing in y
and A may be allowed. We chose a truncated Gaussian kernel
for W . A data-driven choice of the bandwidth h remains an
important problem in practice [35]; since this question is out
of the scope of the present paper, we just set h = 2. For both

cases, we set η = 0.05, m = 2, r = 3qemax
∑
i≥2

ρ(i) and

α = 3σ
√
τ + 1. This guarantees that Propositions 1. and 2.

hold, provided ‖δ‖2 ≤
√
Nσ
√
τ + 1.

We compared, in the simulations, the asymptotic perfor-
mances of the following activity estimates: our LASSO-based
estimate λ̂NIL; λ̂ideal described in (32) (denoted by ideal esti-
mate); λ̂oracle described in (25) (denoted by oracle estimate in
the results), and the estimator of [30], when the arrival times
are detected by a simple threshold (denoted by uncorrected
estimate). In each case, 10000 simulations were performed.
We present in our figures the average of the activity estimates
in each case, and an approximation of the Mean Integrated
Squared Error (MISE) between the actual activity and its
estimate.

Results in the case of signals drawn randomly from the
dictionary are displayed in Figure 2; the average estimates are
shown in Figure 2a, and the approximate MISE, in Figure 2b.
We can observe that the proposed method provides an estimate
which behaves both like (25) with a slight bias. Results in the
case of signals with random parameters not taken from the
dictionary are displayed in Figure 3; the average estimates are
shown in Figure 3a, and the approximate MISE, in Figure 3b.

In order to empirically evaluate the efficiency of the pro-
posed method, we show in Figures 4 and 5 the 95% confidence
bands computed from our Monte-Carlo experiment for the
LASSO-based, oracle and ideal estimates.

B. Influence of the dictionary-signal mismatch

In order to investigate the perturbations stemming from
the inadequacy between the dictionary A and the signal
y, the following experiment is performed: the dictionary is
generated as in the random setting, with the shapes’ parameters
being drawn accordingly to a uniform distribution on [0.4; 1.3]
(again, we choose θ1 = θ2), the number of shapes being
p = 10, and α = 1.5. On the other hand, the pulses’ shapes of
y are simulated accordingly to Gamma shapes with θ1 = θ2,
where θ1 is drawn accordingly to a uniform distribution on
[a, b]. We investigated two different cases separately: in the
first setting, the shapes of y have a smaller support than A’s,
that is we tried to recover electrical pulses with a very steep
decrease from a dictionary including smoother shapes; on the
contrary, in the second setting the shapes of y had a larger
support than A’s. The mismatch between the shapes from A
and the ones appearing in y was characterized by the Jaccard
index between [a, b] and [0.4, 1.3], that is0 if [a, b] ∩ [0.4, 1.3] = ∅,

min{b, 1.3} −max{0.4, a}
max{b, 1.3} −min{a, 0.4}

otherwise.

For example, a Jaccard index of 0.6 in the first setting can
be obtained with a = 0.175, b = 1.075, while in the second
setting it can be obtained with a = 0.625, b = 1.525 A Jaccard
index of 0 means that the parameters θ1, θ2 of the shapes in A
have no connection whatsoever with y, whereas 1 means that
a = 0.4, b = 1.3. Observe that it does not mean that the shapes
of A perfectly match y, but rather that the similarity between
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(a) Average estimates for x = 1.5. (b) Approximated MISE (log values).

Fig. 2. Results with shapes taken from the dictionary

(a) Average estimates for x = 1.5. (b) Approximated MISE (log values).

Fig. 3. Results with Gamma shapes with randomly drawn parameters

shapes of A and shapes of y is the most likely to happen. The
physical interpretation of a Jaccard index of 1 is that we have
perfect knowledge of the detector, and know exactly what is
the set of possible parameters of the shapes appearing in y,
while not being able to infer the exact values. Experimental
results are presented in Table II. Not surprisingly, the best
results in terms of MISE are obtained as long as there is
adequacy between A and y, even partial, but both cases
are asymmetrical. In the first setting, we tried to reconstruct
sharp, localized pulses with much smoother shapes; LASSO
thus provides a less sparse, spread solution, which cannot be
corrected by the post-processing steps. On the other hand,
in the second situation we estimate pulses smoother than the
dictionary’s shapes; though the solution provided by LASSO
is less sparse for lower Jaccard indexes than for full adequacy,
the non-null coefficients of β̂(r) remain localized around the
actual arrival times, and the post-processing stage deals with
most of the perturbations. These considerations are illustrated
in Figure 6. Therefore, though we observed a degradation of

First setting Second setting

Jaccard Index MISE Jaccard Index MISE

0.00 25.9027 0.00 6.3145
0.10 8.3108 0.10 6.1290
0.20 6.7695 0.20 6.1510
0.30 6.6925 0.30 6.1194
0.40 6.7044 0.40 6.0617
0.50 6.5703 0.50 6.0934
0.60 6.5717 0.60 6.0592
0.70 6.4808 0.70 6.0105
0.80 6.4081 0.80 6.0463
0.90 6.2873 0.90 5.9181

1 5.9013 1 5.9013
TABLE II

INFLUENCE OF DICTIONARY’S INADEQUACY ON THE MISE

the MISE, it was less in the second setting than in the first
one. The choice of p, though important, was less critical in that
matter. We observed, in numerical simulations, that provided
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(a) λ̂ideal. (b) λ̂oracle.

(c) LASSO-based.

Fig. 4. 95% confidence intervals of the compared estimators with shapes taken from A

the shapes are drawn similarly for A and y (that is, with a
Jaccard index of 1), there is little variation in the MISE when
the number of shapes p goes above 20. This mostly is due to
the fact that LASSO is not consistent in selection, and that
θ1, θ2 ∼ U([0.4, 1.3]) yield very similar shapes. However, in
the cases of HPGe detectors used in the field, there is very
little variation from one electrical pulse to the other, making
this choice of parameters valid in practice.

C. Results Using Real Data

For real data experiments, it is of interest to provide well-
localized arrival times. In this paper, we present a result
obtained on the signal recorded during the Pidie experiment,
realized in CEA Saclay, France, in which a mixture of
Americium and Cesium with high activity was used for the
measurements. In that framework, a single minute of signal
may include several millions of electrical pulses recorded. It
is then of importance to obtain well-localized arrival times.
Figures 7a and 7b illustrate the obtained results regarding the
estimation of the arrival times.

D. Discussion

It can be observed that λ̂NIL(t) performs relatively well
when the shapes are drawn from the dictionary, and slightly
less when the shapes’ parameters are drawn randomly.
Nonetheless, it can be seen in both cases that it performs
almost as well as λ̂oracle, the latter being the best estimate
of λ(t) that we can hope for after the signal’s digitization.
For higher values of x, we observe a loss in performance,
and the MISE increases. This, however, is not surprising:
for high values of λ(t), the probability of obtaining several
arrivals between two sampling points increases, thus leading
to an underestimation of the actual intensity. We emphasize
that, even in that case, the LASSO-based and the oracle
perform quite similarly, Therefore, the relatively poor results
obtained in that case are inherent to the sampling, and can
in practice be improved only by better instrumentation. It is
nevertheless noticed, both from the MISE investigation and
from the computation of the confidence intervals, that the
proposed method compares well with oracle procedures, thus
making it a valid candidate for real spectrometric applications.

The proposed approach tends to overestimate the number
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(a) λ̂ideal. (b) λ̂oracle.

(c) LASSO-based.

Fig. 5. 95% confidence intervals of the compared estimators with random shapes

(a) First setting (b) Second setting

Fig. 6. Comparison between the two settings, for a common Jaccard index of 0.1. The L1 norm of the blocks of β̂(r) (solid blue) is compared to the actual
arrival times (dotted black).

of arrival times, as noticed from the simulations and the
results obtained on real data. In practice, an underestimated

error term ‖δ‖2 leads the user to plug a weaker value of
α in Proposition 1; this yields a potential overestimation of
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(a) signal (blue) and arrival times (red). (b) Zoom on the 625-820 area.

Fig. 7. Results of the LASSO-based arrival times estimation on the Pidie dataset.

λ. In addition, the choice of the sparsity parameter r in the
LASSO regression problem (11) also bears consequences: by
choosing too high a value of r, the estimation procedure is
build upon a regressor β̂(r) with poor `1 norm, adding to
potential overestimation. However, the selected times are all
well-localized around the true arrival times – accordingly to
the main Propositions – and well-separated, even in case of
very close pulses as shown in Figure 7b. Though of indeniable
interest, a more refined selection of the arrival times is not in
the scope of the present paper, and will be investigated in
future contributions.

V. CONCLUSION

In this paper, we presented a novel algorithm for the esti-
mation of the intensity of a nonhomogeneous Poisson process,
and illustrated the efficiency of the proposed approach for the
case of gamma spectroscopy application. Practical conditions
were derived, which guarantee the good behavior of the com-
puted estimator. However, since this paper’s emphasis is more
on practicality rather than on optimality, the bounds derived
should be refined in order to obtain optimal error bounds. This
aspect will be investigated in future contributions.
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APPENDIX

A. Additional Technical Lemmas

The following lemmas will be used alongside the paper.
Lemma 2 (Mallat [36]): For any white noise vector ε of

length M and of unit variance; it holds that

P
(
‖ε‖2 ≥

√
M + t

)
≤ exp(−t2/2),∀t > 0

Lemma 3: Let us write the model introduced in (7) as y =

Aβ + w with w
∆
= δ + ε as the overall perturbation term.

Given m < τ ≤ N an integer, it holds for all subsets J of m
consecutive integers that:∥∥∥∥AT

Jw

N

∥∥∥∥
1

≤ mp
[
2σ
√
τ + 1 +

‖δ‖2√
N

]
(30)

with probability greater than 1−N exp(−N(τ + 1)/2).
Proof: Given J as in the proposition, and j ∈ J , we get∥∥∥∥AT

J√
N

w√
N

∥∥∥∥
1

≤ mp
‖w[j; . . . ; j + τ ]‖2√

N

≤ mp
[
‖δ‖2√
N

+
‖ε[j; . . . ; j + τ ]‖2√

N

]
We now apply Lemma 2 to ε[j; · · · ; j + τ ]/σ, it follows that
for any t > 0

P
(
‖ε[j; · · · ; j + τ ]‖2√

N
≤ σ(

√
τ + 1 + t)√
N

)
≥ 1− exp(−t2/2) (31)

Taking t =
√

(τ + 1)N in (31) yields

P
(
‖ε[j; · · · ; j + τ ]‖2√

N
≤ 2σ

√
τ + 1

)
≥ 1− exp(−N(τ + 1)/2),

and the lemma follows from the fact there are N −m subsets
J of m consecutive integers.

B. Proof of Lemma 1

In this proof we shall introduce for all integer k the
following local Poissonian parameter

Λk
∆
=

(k+1/2)∆t∫
(k−1/2)∆t

λ(t)dt

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at  http://dx.doi.org/10.1109/TSP.2016.2620104

Copyright (c) 2016 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



IEEE TRANSACTIONS IN SIGNAL PROCESSING 12

From the following easy inequalities:

exp (−Λk)
∑
s>q

(Λk)
s

s!

≤ exp (−Λk)
(Λk)

q

q!

[
Λk +

Λ2
k

2!
+ · · ·

]
≤ (Λk)

q

q!
[1− exp (−Λk)]

combined with the obvious inequality Λk ≤ ‖λ‖∞∆t one
deduces the following conditional probability

P (#{n; [Tn] = tk} > q |k ∈ P0) ≤ (Λk)
q

q!
≤ (‖λ‖∞∆t)

q

q!

meaning that conditionally to k ∈ P0 there are more than
q pulses starting around tk under probability at most η by
assumption (12). The conclusion follows immediately.

C. Proof of Proposition 1

Let j ∈ J(β̂(r)) such that
∥∥∥β̂j(r)∥∥∥

1
> α: thus for some

index 1 ≤ s ≤ p it holds by the Karush–Kuhn–Tucker (KKT)
conditions and by Lemma 3 (setting there m = p = 1) that
under probability greater than 1−N exp(−N(τ + 1)/2):

α+ r <
1

N
AT
j;sAβ̂(r) + r

=
1

N
AT
j;sAβ

0 +
1

N
AT
j;s (ε+ δ)

≤ 1

N
AT
j;sAβ

0 + 2σ
√
τ + 1 +

‖δ‖2√
N

If there is no integer k ∈ P0 such that |k−j| ≤ m the previous
inequality implies

α+ r − 2σ
√
τ + 1−

‖δ‖2√
N

<
∑

k;|k−j|>m

ρ(|k − j|)
∥∥β0

k

∥∥
1

≤
(

max
k∈P0

∥∥β0
k

∥∥
1

)
2
∑
i>m

ρ(i)

In other words, if we have:

2σ
√
τ + 1 +

‖δ‖2√
N

+

(
max
k∈P0

∥∥β0
k

∥∥
1

)
2
∑
i>m

ρ(i) < α+ r

then the distance from j to the pattern P0 is m to the most.
The rest follows from Lemma 1.

D. Proof of Proposition 2

By the KKT conditions applied to the regressor β̂(r) and
the triangular inequality, it holds that for any k:

∑
|j−k|≤m

∥∥∥β̂j(r)∥∥∥
1

+
1

pN

∥∥∥∥∥∥AT
k

∑
{j;|j−k|>m}

Ajβ̂j(r)

∥∥∥∥∥∥
1

≥ 1

pN

∥∥∥AT
kAβ̂(r)

∥∥∥
1
≥ 1

pN

∥∥AT
k y
∥∥

1
− r

which implies the following

∑
|j−k|≤m

∥∥∥β̂j(r)∥∥∥
1

+ 2

[∑
i>m

ρ(i)

]
max
j

∥∥∥β̂j(r)∥∥∥
1

≥ 1

pN

∥∥AT
k y
∥∥

1
− r

By Lemma 3, the positivity assumption on β0, and the
condition

∑
n/[Tn]=tk

En ≥ emin it holds under probability

greater than 1−N exp(−N(τ + 1)/2) that:

1

pN

∥∥AT
k y
∥∥

1
≥ µemin − 2σ

√
τ + 1−

‖δ‖2√
N

which yields to the following: whenever it holds that

µemin > 2σ
√
τ + 1 +

‖δ‖2√
N

+ r + (2m+ 1)α

+ 2

[∑
i>m

ρ(i)

]
max
j

∥∥∥β̂j(r)∥∥∥
1

then with probability greater than 1 − N exp(−N(τ + 1)/2)
it also holds that:∑

|j−k|≤m

∥∥∥β̂j(r)∥∥∥
1
> (2m+ 1)α ;

the proposition immediately follows.

E. Proof of Proposition 4

We shall make use of the following other estimators of λ
as intermediates:

1) the ideal estimator λ̂ideal which estimates from the Pois-
sonian sample ; in other words, should the arrival times
Tk and their number M be known, a standard kernel
estimator of the activity would be

λ̂ideal(t) =
1

h

M∑
k=1

W

(
t− Tk
h

)
(32)

2) the quasi-ideal estimator λ̂quasi which estimates from the
quantized pattern P0, but exploiting for each integer in
P0 the number of pulses related to it ; remember that the
signal is sampled at times {tn, n = 0 . . . N − 1}, so it
is impossible to know exactly where the photon arrivals
occurred. However, if we do know how many arrivals
occurred between consecutive sampling points, then (32)
can be slightly modified to provide good results:

λ̂quasi(t) =
1

h

N−2∑
k=0

akW

(
t− tk
h

)
, (33)

where ak
∆
= #

{
n = 1, · · · ,M ; tk =

[
Tn
]}

defines the
number of real arrivals whose rounding is tk.
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With the previous definition of the ak’s, it is clear that the
oracle estimator λ̂oracle defined in (25) can be rewritten as:

λ̂oracle(t)

=
1

h

∑
k∈P0

W

(
t− tk
h

)

=
1

h

N−2∑
k=0

1(ak > 0)W

(
t− tk
h

)
Table III summarizes the definitions of the different esti-

mates appearing in this proof and the next.

Name Definition Remarks

Ideal estimator λ̂ideal(t) =
1

h

M∑
k=1

W

(
t− Tk
h

)
The arrival times Tn and their

number M are both known

Quasi-ideal estimator λ̂quasi(t) =
1

h

N−2∑
k=0

akW

(
t− tk
h

) Only the sampled arrival times
are known, but the actual

number of pulses M is known

Oracle estimator λ̂oracle(t) = 1
h

∑
k∈P0

W
(

t−tk
h

) Best attainable estimator
based on the sampled signal
and the sparsity pattern P0

NIL estimator λ̂NIL(t) =
1

h

M̂∑
i=1

W

(
t− T̂i
h

)
Proposed estimator

TABLE III
DESCRIPTION OF THE ESTIMATES APPEARING IN THE PAPER

Thus the requested error term is decomposed as a sum of
the following three terms:

‖λ− λ̂oracle‖2 ≤ ‖λ̂ideal − λ‖2 (34)

+ ‖λ̂quasi − λ̂ideal‖2 (35)

+ ‖λ̂oracle − λ̂quasi‖2 (36)

We shall provide now bounds on (34), (35), (36).
1) Using Lemma A.1 [37, Supplementary material] (the condi-
tional expectations there are simply expected values here since
the function λ(t) is a fixed one):

E[
∥∥∥λ− λ̂ideal∥∥∥

2
]

=
1

h

T−h`(W )/2∫
h`(W )/2

 `(W )/2∫
−`(W )/2

W 2(r)λ(rh+ t)dr

 dt

+

T−h`(W )/2∫
h`(W )/2

 `(W )/2∫
−`(W )/2

W (r)[λ(rh+ t)− λ(t)]dr


2

dt

(37)

Concerning the first term in the RHS of (37):

1

h

T−h`(W )/2∫
h`(W )/2

 `(W )/2∫
−`(W )/2

W 2(r)λ(rh+ t)dr

 dt

≤ 1

h

 `(W )/2∫
−`(W )/2

W 2(r)dr

 T∫
0

λ(t)dt

Concerning the second term, using simply the bound valid for
all t in the indicated interval: |λ(rh+ t)− λ(t)| ≤ ‖λ‖∞, we
obtain therefore

T−h`(W )/2∫
h`(W )/2

 `(W )/2∫
−`(W )/2

W (r)[λ(rh+ t)− λ(t)]dr


2

dt

≤ ‖λ‖2∞ (T − `(W )h)

Thus we have proved:

E[
∥∥∥λ− λ̂ideal∥∥∥

2
]

≤
‖W‖22
h

T∫
0

λ(t)dt + ‖λ‖2∞ (T − `(W )h) (38)

2) For every j = 1, · · · ,M let us define dj
∆
= Tj −

[
Tj
]
.

Obviously we do have |dj | ≤ ∆t/2. Thus, in order to bound
the error made between λ̂ideal and λ̂quasi we write:

‖λ̂ideal − λ̂quasi‖2

≤ 1

h

M∑
k=1

∥∥∥∥W( t− Tkh

)
−W

( t− Tk + dk
h

)∥∥∥∥
2

Now we do have
∣∣∣W( t−Tk

h

)
−W

(
t−Tk+dk

h

)∣∣∣ ≤ ‖W ′‖∞ |dk|h
for all t, and nonzero only when |t−Tk| < h `(W )

2 + |dk|; thus
we can write

‖λ̂ideal − λ̂quasi‖2

≤
∆t
√

∆t+ h`(W )

2h2
‖W ′‖∞ ·M

Therefore we have proved the following:

E[‖λ̂ideal − λ̂quasi‖2]

≤
∆t
√

∆t+ h`(W )

2h2
‖W ′‖∞

T∫
0

λ(t)dt ;

3) We shall now bound in average the error term∥∥∥λ̂quasi − λ̂oracle∥∥∥
2
.

E
[∥∥∥λ̂quasi − λ̂oracle∥∥∥

2

]
≤
‖W‖2√

h

N−2∑
k=0

E[ak − 1(ak > 0)]

=
‖W‖2√

h

N−2∑
k=0

{ (k+ 1
2 )∆t∫

(k− 1
2 )∆t

λ(u)du + exp
(
−

(k+ 1
2 )∆t∫

(k− 1
2 )∆t

λ(u)du
)
− 1
}

It is easily verified that for any real x ∈ (0; 3) the inequality
x+exp(−x)−1 ≤ x2

2 does hold, hence combined with the in-
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equality

(
(k+1/2)∆t∫
(k−1/2)∆t

λ(u)du

)2

≤ ‖λ‖∞∆t
(k+1/2)∆t∫
(k−1/2)∆t

λ(u)du

we have obtained that:

E
[∥∥∥λ̂quasi − λ̂oracle∥∥∥

2

]
≤
‖W‖2
2
√
h
‖λ‖∞∆t

T∫
0

λ(u)du (39)

The proof of the proposition is complete by combining all the
previous terms.
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