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estimation in 7y spectrometry

Y. Sepulcre, T. Trigano, Member, IEEE, and Y. Ritov

Abstract

We consider the counting rate estimation of an unknown radioactive source, which emits photons
at times modeled by an homogeneous Poisson process. A spectrometer converts the energy of incoming
photons into electrical pulses, whose number provides a rough estimate of the intensity of the Poisson
process. When the activity of the source is high, a physical phenomenon known as pileup effect distorts
direct measurements, resulting in a significant bias to the standard estimators of the source activities
used so far in the field. We show in this paper that the problem of counting rate estimation can be
interpreted as a sparse regression problem. We suggest a post-processed, non-negative, version of the
Least Absolute Shrinkage and Selection Operator (LASSO) to estimate the photon arrival times. The
main difficulty in this problem is that no theoretical conditions can guarantee consistency in sparsity of
LASSO, because the dictionary is not ideal and the signal is sampled. We therefore derive theoretical
conditions and bounds which illustrate that the proposed method can none the less provide a good, close
to the best attainable, estimate of the counting rate activity. The good performances of the proposed

approach are studied on simulations and real datasets.

I. INTRODUCTION

Rate estimation of a point process is an important problem in nuclear spectroscopy. An unknown

radioactive source emits photons at random times, which are modeled by an homogeneous Poisson
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process. Each photon which interacts with a semiconductor detector produces electron-hole pairs, whose
migration generates an electrical pulse of finite duration. We can therefore estimate the activity of the
source by counting the number of activity periods of the detector. We refer the reader to [1] and [2]
for further insights on the physical aspects in this framework. However, when the source is highly
radioactive, the durations of the electrical pulses may be longer than their interarrival times, thus the
pulses can overlap. In gamma spectrometry, this phenomenon is referred to as pileup. Such a distortion
induces an underestimation of the activity, which become more severe as the counting rate increases.

This issue is illustrated in Figure [T}
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Fig. 1. Example of a spectrometric signal. The red part is an example of piled up electrical pulses.

In its mathematical form, the current intensity as a function of time can be modeled as a general

shot-noise process

y(t) 2 S Byt —Ty) (1)
E>1

where {Ey, k > 1} and {®x(s), k > 1} are respectively the energy and the shape of the electrical pulse
associated to the k-th photon, and y(¢) defines the continuous time recorded signal. The pulse shapes

{®(s), k > 1} are assumed to belong to a parametric family of functions I'g, © C R". The restriction
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of the signal to a maximal segment where it is strictly positive is referred to as a busy period, and where
it is O as idle period. In practice, we observe of sampled version of with additional noise, and wish
to estimate from this recorded digital signal the counting rate activity.

The problem of activity estimation has been extensively studied in the field of nuclear instrumentation
since the 1960’s (see [3] or [4] for a detailed review of these early contributions; classical pileup rejection
techniques are detailed in [5]). Early papers on pileup correction focus specifically on activity correction
methods, such as the VPG (Virtual Pulse Generator) method described in [6], [7]. Moreover, it must be
stressed that these techniques are strongly related to the instrumentation used for the experiments. Recent
offline methods are based on direct inversion techniques [8] or computationally intensive methods [9], and
are usually not fitted for very high counting rates. It is of interest to consider fast, event-by-event pile-up
correctors for real-time applications, as proposed in [10] for calorimetry and in [11] for scintillators. One
of the main advantages of the methods developed in [8] is that they do not rely on any shape information
of the time signal, but rather on the alternance of the idle and busy periods of the detector. However,
when the activity of the radioactive source is too high, we observe very few transitions from busy to idle
periods, thus making this information statistically irrelevant.

In the latter case, it is therefore necessary to introduce additional assumptions on the pulse shapes (e.g.
to specify I'g), and to estimate both the signal sample path on a relevant basis. This can be formally
viewed as a regression problem. However, due to the nature of the physical phenomenon, and since Poisson
processes usually represent occurrences of rare events, the regressor chosen to estimate the signal must
be sparse as well. Since the seminal papers [12] and [13], representation of sparse signals has received
a congsiderable attention, and significant advances have been made both from the theoretical and applied
point of view. Several recent contributions [14] suggest efficent algorithms yielding estimators with good
statistical properties, thus making sparse regression estimators a possible option for real-time processing.
In this paper, we chose to use a modification of LASSO with a positivity constraint [14]. Indeed, LASSO
provides a sparse solution close to the real signal for the /o-norm. However, since we are not interested
in the reconstruction of the signal for activity estimation, but rather in the Poissonian arrival times, it
is of interest to investigate the consistency in selection of the sparsity pattern. Numerous recent works
have been devoted to this general question about LASSO, the first ones being [15] and [16]. Both papers
introduced independently the so-called irrepresentability condition as a necessary condition for selection
consistency. More recently, [17] developed the conditions under which the irrepresentability condition is
also a sufficient one. We also refer to [18], [19], [20] and for recent results on consistency in the ¢-sense

for the signal estimation; note however that the estimation of the activity of the source is related to the
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selection consistency issue, whereas the consistency in the ¢ sense should be used for energy spectrum
reconstruction. The problem we address in this paper shares also similarities with the reconstruction of
sampled signals with finite rate of innovation [21]. In the latter, the authors present a method based on
the use of the annihilator filter used in error-correction coding, which allows to reconstruct perfectly a
Poisson driven signal made of splines of piecewise polynomials, even when it is not bandwidth limited.
This leads to a purely algebraic reconstruction of the signal when it can be decomposed on a known
functional base. However, the cornerstone for algebraic reconstruction is the full knowledge of this base,
which is not the case in our framework.

The paper is organized as follows. Section [[I] presents the model and the derivation of the estimator of
the counting rate. This estimation can be roughly seen as a post-processed version of the non-negative
LASSO. Though (1) is rather close to a standard linear regression one, the presented problem is difficult to
address, since the discrete signal stemming from y(¢) is not generated from a specific, known dictionary.
Moreover, it is impossible to infer the exact number of Poissonian arrivals between two sampling points.
Both considerations imply that theoretical conditions (e.g. derived in [17]) which ensure consistency in
sparsity are not met in this case.. We therefore present in Section [[II] theoretical results showing that the
activity of the source can be recovered almost as well as the best estimator we could build from a full
knowledge of the Poisson process and discrete observations with a high probability. Finally, section
illustrates on some applications the effectiveness of the proposed approach, both on simulations and real
data, with comments. Details of the calculations and proofs of the presented results are detailed in the

appendix.

II. SPARSE REGRESSION BASED METHOD FOR ACTIVITY ESTIMATION
A. Model and assumptions

We observe a signal uniformly sampled on some subdivision T 2 {0 =tg,t1,to,...,tNy—1} with

sampling period At, stemming from a discrete version of (IJ):
M
yz:ZEnq)n(tz_Tn)"‘Eza OSZSN—l, (2)
n=1

where {T,,, 1 < n < M} is the sample path of an homogeneous Poisson process with constant unknown
intensity A, {E,,1 < n < M} is a sequence of independent and identically distributed (iid) random
variables representing the photons energies, with unknown probability density function f, {®,, 1 <n <
M} is a sequence of functions to be defined later which characterize the electric pulse shapes generated

by the photons, and {e;, 0 <i < N —1} is a sequence of iid Gaussian random variables with zero mean
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and variance o2 representing the additional noise of the input signal. Alternatively, when defining the

. A A T A
matrix ® = [®,(¢; — T")]OSiSN—l,ISnSM and the vectors y = [yo, y1,...,yn_1) » B = [E1,..., Ey]t
and € 2 €0, - ,en—1]T,(@) can be rewritten in a matricial form:
y=®E +¢. 3)

All along the paper, it is assumed for convenience that N is an even number. The problem to address
is the estimation of A given y. However, no T;, belongs to T with probability 1. We thus introduce the

following integer subset related to the closest sample times from the Poisson arrivals 75,:
A
Py={|T,/At]; n=1,..., M}, 4)

where |x| denotes the closest integer to x. Note that provided AAt < 1, Fy is a sparse subset of
{0,1,..., N — 1}. We further on denote by ¥ the noise-free part of the signal (3), that is y 2 BE. All
along the paper, it is assumed that the random variables {E,,, 1 < n < M} are bounded by positive and

known constants F\,in, Fmax:
0 < FEmin < Ep < Epax, n=1,..., M. 5)

In practice, neither E nor ® are known, so the problem cannot be seen as a standard regression problem.
Nevertheless, a single electrical pulse ®,, has a specific shape, characterized in most detectors by a rapid
growth created by the charge collection followed by an exponential decay as the charges migrate to
the detector electrodes. Thus, a natural idea is to rely on some user predefined dictionary of truncated
gamma shapes in order to obtain a modelization of we can work with. Since a gamma shape is
parametrized by two scale and shape parameters, we define a set of p pairs of such parameters by
62 {(9§8), 9%8)); s=1,2,---,p}. Forall s =1,...,p, we define the following pulse shape:

To(t) 2 e t%” exp(—08 1) 1(0 < ¢ < TAY),

where 7 is a positive constant integer defining the common support of the pulse shapes, and ¢ is a
normalizing constant chosen so that % Efvz _01 ['s(t;)? = 1. Accordingly, we define the following N x p

matrix Aj; whose columns are sampled versions of the previously defined pulse shapes, translated by #:

1>

Ay [Fs(ti - tk)]ogingngsgp- (6)

We further on refer to Ay in (6)) as the rime block associated to the k-th point. We now define a global

dictionary A by concatenating these time blocks:
A=[A) A1 - An_4] . (7
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Note that (7) defines a N x Np matrix with full rank N. Therefore, an equivalent version of (3)) consists
in some linear decomposition of y along the columns of A, for some unknown regressor 3. Recall that
with probability 1, no T}, belongs to T neither ®,, is a column of A. In that sense, we shall say that our

dictionary A is incomplete. Therefore, the model investigated throughout the rest of the paper is
y=AB+4d +e, (®)

in which § £ ¥ — A3 denotes the discrepency between the decomposition on ® and A, and which A3
belongs to the closed positive span € defined as
A p
C= {Z A;z; ; x; € Rl such that
i€Py

En ill2 < Brax} - 9)

1
in < WHA
Note that C parametrizes models supported on timeblocks indexed by Py only. The reason for bounding
|A; z;||ly in (O) can be understood in light of (5). Since P, contains essentially all the information one
could ever retrieve from T,,, the set of all the T}, and AtP, tend to be identical as At tends to 0. Since
we expect the decomposition A3 to be quite close to the decomposition ®E, it is rather natural to focus
on the best discrepancy measure d one could ever get when imposing similar constraints on the energies

encoded in the model AQ3. Following (8], and since we want to focus on model with small discrepancy,

. A .
we use in the rest of the paper o = ||d||2/v N as a standard discrepancy measure.

B. Additional notations

We introduce here for convenience the notations used in the following sections. Given any finite
discrete set I, we denote by |/| its cardinality. We denote by 17, the column vector of length |I| whose
all coefficients are equal to 1. If u, v are two vectors of identical size, we shall write u < v (respectively
u < v) when all entries of v — u are positive (nonnegative).

If n is any integer in {1,--- , Np}, thus indexing a column of A, we shall refer to this column by A,,;
similarly for any regressor 3 € RVP the nth entry is denoted by 3,,. Given I a subset of {0,1,..., N—1},

we denote by A; the submatrix obtained by concatenation of times blocks whose index belong to I,

namely
ArS e Ag e Jeer - (10)
Given two subsets I, J of {0,1,..., N — 1}, we define the Gram matrix of size p|I| x p|J| associated
to Ay and Ay as
Grs 2 ATA). (1n
May 21, 2013 DRAFT

Copyright (c) 2013 |EEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



Thisisthe author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
Thefinal version of record isavailable at  http://dx.doi.org/10.1109/TSP.2013.2264811

IEEE TRANSACTIONS IN SIGNAL PROCESSING 7

and whenever I = J and reduces to one singleton, we shall drop the dependency in I, J and write more
simply G, since by the very construction of A, the Gram matrix of one timeblock is independent of the
block index.

Given (3 a vector of size pN, it will be naturally decomposed along the timeblocks: 3 = [,Bg; R ﬁ%,l]T,

where for all ¢, 3; € RP. We define the block pattern of 3 as

A .
J(B)={i; B; #0} . (12)
Given some integer k in {0,1,..., N — 1}, we define for all positive real « the a-neighborhood of k as:
Vak) 2 [k—a; k+a]n{0,1,...,N — 1}, (13)

and denotes his complement by V,, (k) = {0,1,..., N—1}\V, (k). Alternatively, (I3)) can be reformulated
accordingly to the correlations between blocks, since the discrete correlation between two shapes is a
decreasing function of the distance between their time shifts, and is zero whenever this distance is greater
than 7. Therefore, given a integer k in {0, 1, ..., N —1}, we define some neighbourhood of & accordingly

to some specified correlation level 0 < p < 1:

To(k) £ 40,1,..., N = 13\ {j5 max |Gy 5y < p}- (14)

In other words, j € T,(k) if and only if every column in the j-th timeblock has a correlation lower
than p with every column in Ay, expressing the fact that ¢; is somehow ’distant’ from ;. Due to these
considerations, we can associate to p € [0, 1] a real « such that V,,(k) = T,(k). Obviously, when p' < p
one has T,(k) C T, (k), that is o < o,

We eventually define two quantities which will appear in the theoretical bounds obtained. If £ is an
integer such that 7 < k < N — 7 — 1, we shall define
Al

~ > maxA[A(i,j) (15)
lev, (k) 7

S

as the sum of all maximal correlations per block with respect to the k-th timeblock (note that G is

independent of k), and

C. Overview of the estimation procedure

Recall that our objective is to estimate A\ given y. It is well known that if {7}, 1 <n < M} are the

points of an homogeneous Poisson process, the inter-arrival times are iid random variables with common

May 21, 2013 DRAFT

Copyright (c) 2013 |EEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



Thisisthe author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
Thefinal version of record isavailable at  http://dx.doi.org/10.1109/TSP.2013.2264811

IEEE TRANSACTIONS IN SIGNAL PROCESSING 8

exponential distribution with parameter \. Therefore, A can be consistently estimated by

A M

Ae = —.
Th

(16)

However, y is a discrete-time signal, therefore cannot be attained since we are restricted to use only
times in J. Therefore, the best estimate of A\ attainable in practice is defined as

A | Pl

Aopt = ————— .
"' At max P,

A7)

It is likely that Ao < A, since |Py| < M; however, provided AAt is small, A\. and A,y should remain
close. The main idea of this paper is therefore to plug in estimates of M and T, as now explained.
If the signal is modelled by (8), the set J(/3) still contains much fewer elements than N. Thus, we would

like to recover first J(3), and make use of a non-negative LASSO estimator (NNLASSO) [12], [14]:
2

N-1
+r Y Bnle } (18)
2 m=0

~

. 1
Bir) = arg min {57

N-1

y — Z Am Bm
m=0

such that 3 > 0,

where the tuning parameter r quantifies the tradeoff between sparsity and estimation precision. NNLASSO
provides a sparse estimator [Bg(r), e ,Bg_l(r)]T such that the linear model ¥ = AB(r) approximates
accurately the signal y. In practice, can be efficiently computed by a modification of the LARS
algorithm [14]. Note that the group-LASSO [22] also exploits the time blocks decomposition of 3 and
provide a block-sparse regressor. However, in this paper, we cannot assume the groups to be fully known,
due to the incompleteness of A.

Assuming that the solution (I8)) is known, the estimation of A should be carefully done. It is tempting
to estimate the arrival times with the set J(3(r)) and the total number of occurrences by |J(3(r))|, then
plug this data into (T7). However J(3(r)) may contain consecutive active time blocks which do not all
correspond to real arrival times. This is not surprising: since A is incomplete, .J(3) may itself be distinct
from P, . In this paper we suggest an additional thresholding step to the estimation of A to circumvent
this issue, that is

1) solve to obtain B(r).

2) set all the 3,,(r) such that ||3,, ()1 < 7 to zero, where 7 is a user defined threshold to be

precised later;

3) estimate the arrival times recursively 7, 2 miI]lV l{k:At > Tho1 3 Bre_i(r) = 0,8,(r) # 0},

and J/\Zé |{k ; Bk—l(r) = Oyék(r> # 0}‘

=U,...,
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4) Estimate the activity as

o~

M
Arym) = =—

Ty

1>

(19)

The pseudocode of the latter algorithm is summarized in Algorithm [T}

Algorithm 1: Intensity estimation by post-processed NNLASSO
Input : Input signal y, Dictionary A, Sparsity parameter r, Threshold 7.

Output: Intensity estimate X(r, n).

begin
solve

1 N—-1 9 N-1
st (ol = 2 Al o X0}

set M =0,T = 0;
for1<m<N-1do

if [|8,,,(r)|l1 > 1 and ||B,,_1(r)|l < n then
set T — mAt;

set M «— M +1;
end
end

compute A(r,n) =

Tu
M’
end

We refer to steps 2 and 3 as post processing” steps. Both steps can be heuristically understood as
follows: step 2 in introduced since time blocks containing negligible weights are probably selected to
improve slightly the estimation, but are not related to pulses start; indeed in realistic situations all the
pulses considered, including the real ones, start with similar sharp slopes, but decrease differently, which
makes these “negligible” time blocks appear behind the pulse start. In step 3 we merge consecutive
selected time blocks due to high correlations between blocks and incompleteness of the dictionary, as
mentioned above. Clearly a good estimation of A is conditioned by a careful choice of both sparsity and
thresholding parameters r and 7). A reasonable a practical choice is to set them accordingly to the noise

variance, as seen in the applications section. Note also that the cornerstone of Step 2 is that A is small
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enough with respect to the signal sampling frequency, so that consecutive active blocks would unlikely
correspond to two distinct events. Even if this thresholding fails in case of extremely high counting rates,
as seen in the application sections, we emphasize that it covers most spectrometric applications, making
it very relevant in practice.

Note also that alternative methods to (18], which are based on iterative and reweighting procedures,
exist [23]. These methods seem appealing for higher activities, since they are known to provide sparser
solutions than NNLASSO. Similarly, sparse Bayesian learning techniques [24], [25] are known to provide
sparser results in the case of very correlated dictionaries. Nevertheless, in practice, the fact that the
spectrometric signal y does not stem directly from A cripples their performances, and the post-processing

introduced in the latter remains necessary even in this case, as seen later in the applications section.

III. THEORETICAL RESULTS

In order to guarantee some consistency in estimation as well as in selection, previous works imposed
conditions on the dictionary A: for instance low correlations between columns [26]-[29] or positivity of
minors of specific sizes [18], [19], [27]. The estimation procedure described in this paper is close to [19],
which suggest improvements of LASSO by hard-thresholding coefficients, so that only representative
variables are selected. In [15], [17], the so called irrepresentability condition is introduced, and is proved
to be necessary if we wish selection consistency with high confidence. In our case remember we wish to
recover Py, thus the next subsection details an irrepresentability condition on | zr\I\lj}é 1||Gﬁ07 P, GISOl’ p, %o
so that NNLASSO could theoretically select variables belonging only to Fj. Ne;ertheless, this insight
is not relevant practically. Therefore, further theorems [I] and 2] do not use this assumption, and rather

compare the actual timeblock pattern and the one obtained with NNLASSO in terms of intersecting

neighborhoods.

A. Exact timeblock recovery and bounds for sparsity pattern approximation

For any value of the parameter » > 0, recall that we defined B(r) as the NNLASSO minimizer
(T8). Next proposition is closely adapted from [17], and provides, under very specific conditions on the
dictionary A, some range of values of r such that the NNLASSO minimizer selects only time blocks
from Pp.

Proposition 1: Assume that for all vectors z of length | Py| such that z < 1p, the following assumption

holds:

Gy p, Gpipz < (1—m)lp (20)
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for some 0 < 19 < 1. If the parameter r is chosen such that

T>max{2a- 2v20 10g(N—\P0|)p}, on

m Mo N

then ,@(r) is supported by Py with probability tending to 1 as /N tends to infinity.
Proof: See Appendix [B] ®

Though similar to standard conditions which ensure the consistency of LASSO appearing e.g. in [17],
Proposition [1]is of little practical use, since the dictionary A does not satisfy the latter conditions. In light
of (21)), we can also remark that a good choice of the sparsity parameter depends on many terms (a, Py)
unknown in practice. This illustrates the need of further results, since the question arose in this paper
is whether and in which measure standard sparse methods could provide sufficiently good results even
when theoretical conditions are not met. The two main theorems are based on the following proposition]
whose aim is to compare the true sparsity pattern with the NNLASSO one, for convenient choice of 7,
and adequate block thresholding. The short technical lemma (I)), which is a direct consequence of the
definition of €, see (9)), will be used in the proof.

Proposition 2: Define the following threshold value

2 Piin 10 GGG, ) (22)
427 + 1) Epax ’
and assume that r satisfies
E2. i s G(i. i) 1/2
r+a< min mlnl:] (7“7]) (23)

2 Emax
Then, there exists 0 < p < 1 (dependent on 7 and 7, but independent of (3) such that, for all k£ in P,

there is an integer m in T,(k) so that || B,,|l1 > n with probability greater than

1—pt (x/ﬁ B}, ming G(Z’J)“)

4 Epax 0
_p(27+1)t(\/ﬁ’"00‘> . (24

Conversely, there exists 0 < p < 1 (dependent on 7, but independent from 3 and r) such that, for any

k satisfying ||B.||1 > n we have:

Pr(R NTu(0) £ 0) > 1= [Billot (VI 7). (25)

Proof: See Appendix [C| B
Proposition [2] is of practical interest. Roughly speaking, it states that provided the threshold parameter

of the post-processing steps and the sparsity parameter are set accordingly to and (23)), then any
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element of the close to optimal sparsity pattern Py has in his close vincinity an integer & so that || Bk”l
is selected in step 2 of our algorithm, and conversely. Therefore, the latter result closely relates J (@)
after post-processing to F, thus connecting X(r, 1) to Aope. It is clear that in practice, the value of «
is unknown. However, the results still stands for smaller values of 7, such as the one selected in the

application section.

B. Confidence bounds for counting rate estimators

The two next theorems are strongly based on Proposition |2 They provide computable bounds of
confidence intervals for X(r, 1) — Aopt, Where X('r, n) and A,y were respectively defined in (I9) and (I7).
Recall that only the blocks of 3(r) selected by the criterion |3 (r)||1 > 7 are used to estimate the arrival
times. In the next theorems, we define for brevity @(r, 7n) as the obtained vector after post-processing,

that is
B(r,n) 2 1By (M1UBL )1 > Miepen—1

and for any subset X of {0,1,...,N — 1} defined as a union of discrete intervals, we denote by I(X)
the number of these intervals.

Theorem 1: Under the same assumptions and settings as in Proposition [2] and define a,,a, as the
integers satisfying Vg, (k) = T,(k), Va, (k) = T, (k), for any integer k in [7, N — 1 — 7] (to avoid interval

truncature). We get that

/):(Tv 77) = Aopt < X(Ta 77)

(U VaT))

T- /At -
. o/ ¢ 1M 26)
a, + max J(B(r,n)) M

with probability greater than

E2. min; ; G(i,7)"/?
1— pt /N min %) )
P ( 4 Enax 0

~pler 4 D (VI IS ) S B ot (VI 0

Proof: See appendix [D| W
Roughly speaking, Theorem 1| gives a lower bound to X(r, 1) — Aopt in terms of the NNLASSO sparsity
block pattern, making it numerically computable. It is straightforward to see that the term between brackets

in the lower bound of is positive. The integers fﬁ /At, max J(B(r,n)) are the extremities of the
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o~

last interval in J(B(r, 7)), thus the shorter this interval is the less underestimated )\, is. Moreover, the
term M\_ll(u1§jgﬁ Vau(fj)) is equal to one as soon as T —Tiq > ay, forall 1 < i < M, that is
when the estimated times are sufficiently spaced. Note that this justifies our choice to define the T)’s as
the beginnings of the open components, since times belonging to such an open component are not likely
to have separated a,—neighbourhoods. Thus, in the most favorable case, T 7 = AtmaxJ (B(r,n)) and

the number of components is equal to M, in other words

~ -1
X, m) = Aopt < A(r,7) (1 + HMW) ,
ap

thus showing that X(r,n) is close to A, with a high probability. The asymptotic study as well as
theoretical insights on the lengths of intervals inside the NNLASSO timeblock pattern, in terms of r and
other quantities involved in the problem, are beyond the scope of the present paper. The next theorem
provides a computable lower bound for A(r,n) — Aopt-

Theorem 2: Under the same assumptions and conventions used in Theorem (1| suppose moreover that
(Mt)?’Na, < 1. (27)

Then

X(Tv 77) - )‘Opt Z X(T7 T,)

with probability greater than

E2. min, ; G(i, §)/2
1-— ()\At)2Nap — |P0| [pt(m min 4E,j J( ]) )

~ (p(2r + 1) + Bl (VI ‘“)]

Proof: See appendix [D| B

Brm))|
M

In the latter, the quotient El in (28) can be interpreted as some average number of active

consecutive blocks after thresholding. Note that the probability given here is lower than the one in

Theorem

IV. APPLICATIONS

We present in this section results on realistic simulations, which emphasize the effectiveness of the

proposed approach when compared to a standard method (comparison to a fixed threshold and estimation
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of A by means of the idle times of the detector, see [8]). The proposed algorithm for counting rate

estimation is then studied on a real dataset.

A. Results on simulations

1) Experimental settings: The performances of the proposed approach are investigated for 50 points of
an homogeneous Poisson process whose intensity A varies from 0.1 to 0.4, which corresponds to physical
activities from 1.10° and up to 4.10% photons per second when the signal is sampled to 10 MHz. Those
numbers are related to high or very high radioactive activities, as mentioned for example in [5]. The
energies {E,,n > 0} are drawn accordingly to a Gaussian density truncated at 0, with mean 50 and
variance 5. We present both results in the case of a good Signal Noise Ratio (o = 1), as can be found
in Gamma spectrometry applications.

Assuming that we observe N points of the sample signal, the j-th column of the dictionary A is build
accordingly to (7). The grid @ is taken uniform on (0, 10]2, with subdivision step 0.1. In order to check
the robustness of the approach and its practical implementation for real-time instrumentation, the signals

are simulated in two different settings:

o for each point of the Poisson process, a shape is taken randomly from the dictionary A; this case
will later on be denoted by (I).
« for each point of the Poisson process, a shifted Gamma is created with randomly chosen parameters
01, 02. In our experiments, both parameters are drawn uniformly accordingly to 6; ~ U([0; 10]) and
02 ~ U([0;2]) (case denoted by (II))
It is obvious that the standard framework for regression is (I); however, as mentioned earlier, we also want
to investigate how the algorithm behaves when the dictionary is not rich enough to cover all the possible
shapes, and check the effectiveness of the additional post-processing step introduced in the latter sections.
This allows to use the proposed approach on real-world experiments where fast algorithms and small
dictionaries for real-time implementations must be used. For one given activity, the estimator is computed
10000 times by means of the proposed method, and by means of the standard method aforementioned,
both in (I) and (II) cases. Ideally, the parameters 7 and r should be chosen accordingly to (22) and
(23); however, these bounds are unknown in a real-life experiment, for the radioactive source is generally
unknown (and, consequently, so are E,,;, and F,,..). Both on simulations and real data validations, we
found out that taking the parameter 7 = 30, and setting the parameter r so that ||y — AB(r)|2 < ovV/N

provided a good compromise between sparsity and good ¢5 precision. It is noticeable to this value of n
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has in our simulation the same order of magnitude as the bound provided in (22), and is only a choice
among others.

2) Simulation results and discussion: Figure [2] represents a portion of the simulated signal in case
(II) for A = 1, as well as the provided estimation and estimated time arrivals. We can observe that the
obtained regressor fits well the incoming signal, and that a careful choice of rx allows to find most of the

arrival times. The boxplots displayed in Figures [3(a)] and [3(b)| represent the distribution of the estimators

400 T T T T

300

200

signal and time arrivals

0o - |

-100 - - - -

Tirne ()}

Fig. 2. Simulated signal (blue) and NNLASSO regressor (red), with associated time arrivals.

of A (the actual value of A is displayed in the z-axis) when using the standard method counting rate
estimation, and the results obtained by our method are given in Figures and 3(d)] It can be seen
from these results that the proposed algorithm provides an estimator with smaller variance, thus making
it more appropriate for counting rate estimation.

The high variance in the standard thresholding method can be easily explained. As ) increases, so does

the number of pileups, hence the number of individual pulses and arrival times are underestimated. Both
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Fig. 3. Distribution of the obtained counting rate estimators (7 = 30, 7 is chosen so that ||y — AB(T)HQ < ovN).

phenomena yield a poor estimate of . Regarding the estimator obtained with the proposed algorithm,
the results obtained in cases where A is high (e.g. greater than 0.15) are much better than those of the
standard method: we observe a much smaller variance, and for the intensities 0.1 to 0.2 the obtained
results are very close to the actual counting rate.

When X\ becomes higher, several pulses are likely to start between two consecutive sampling points.
Thus, the suggested algorithm may be misled in treating both as one single impulse, which explains why

A is underestimated. However the data is obtained from a sampled signal, therefore the actual A\ cannot
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be well estimated when AAt is too high. Indeed, a better insight is obtained when comparing the values
of our estimate with A, instead of A. This is done in Figures and We observe an almost
linear fit between both estimators, in accordance with Theorems [T] and [2 thus showing numerically that
the proposed approach provides values similar to Ay, which is the best estimate we could build from a

full knowledge of 7T, and of the sampled signal.
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Fig. 4. Comparison of \ with Aops (7 = 30, 7 is chosen so that ||y — AB(r)|2 < ov/N).

B. Applications on real data

We applied the proposed method for counting rate estimation on real spectrometric data from the
ADONIS system described in [30], which is sampled to 10 MHz. The actual activity is 400000 photons
per second, which corresponds to an intermediate activity. Figure [5] shows the use of the proposed
algorithm on a real dataset. It can be observed from the latter figures that a very incomplete dictionary is
more than sufficient to retrieve the starting points of each individual pulses. However, the post-processing
step we suggest in this paper is required to estimate the activity of the radioactive source. The obtained
estimated activity is 3.99 .10%, which conforms both to the simulations and the knowledge of the dataset.

We illustrate the importance of the post-processing steps for real data in Figure [6] and compare the
performances of NNLASSO, the sparse Bayesian learning (SBL) of [24] and the reweighted ¢; procedure
described in [23]. We observe that SBL seems to provide a better “inner-block sparsity”, in the sense
that SBL provides active blocks with fewer active coefficients. This is due to the fact that SBL performs

usually better than NNLASSO when the columns of A are highly correlated. However, as it can be seen
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Fig. 5. Results on real data: input discrete signal (blue), and active/inactive blocks (red). The algorithm parameters are chosen

accordingly to the simulation. We observe several well-separated pileups.

from the repartition of the coefficients, particularly for the coefficients indexes ranging from 1000 to 3000,
singles pulses are always reconstructed by means of several active consecutive blocks of A, even with
methods providing sparser solutions than NNLASSO. This illustrates that in practice, the post-processing

steps cannot be circumvented by improving sparsity.

V. CONCLUSION

We presented in this paper a method based on sparse representation of a sampled spectrometric signal
to estimate the activity of an unknown radioactive source. Based on a crude dictionary, we suggest a
post-processed variation of a non-negative LASSO to estimate the number of individual electrical pulses
and their arrival times. Results on simulations and real data both emphasize the efficiency of the method,
and the small size of the dictionary make the implement for real-time applications accessible. It was
theoretically shown that although the standard conditions are not met per se for NNLASSO to estimate

the actual F, we can derive some conditions which guarantee that the number of individual pulses and

May 21, 2013 DRAFT

Copyright (c) 2013 |EEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



Thisisthe author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
Thefinal version of record isavailable at  http://dx.doi.org/10.1109/TSP.2013.2264811

IEEE TRANSACTIONS IN SIGNAL PROCESSING

6000

5000

4000

3000

Voltage

2000

1000~ r
0

1000 i i i i i i i i i
0 50 100 150 200 250 300 350 400 450 500
Time
(a) Spectrometric signal
2500
— Sparse Bayesian Learning

2000 -

1500 —
o
2
3
T
& 1000+ N
3
g
g
2
o

500+ i -
500 i i i i i i i i
0 500 1000 1500 2000 2500 3000 3500 4000

Index

4500

2500

2000

@
=)
S}

Coefficient value

1000

500

19

1000

1500

2000 2500 3000 3500 4000 4500

Index

(b) ﬁ(r) obtained with NNLASSO (parameters as in sim-

ulation)

Coefficient value

3000

2500

2000~

1500 -

1000

500

0
0

500

1000

1500

2000

T T T T
—9© Reweighted Basis Pursuit Denoise

2500 3000 3500 4000 4500
Index

(©) @(r) obtained with SBL [24] (tuning parameter chosen
to 7000)

(d) B(r) obtained with Reweighted Basis Pursuit Denois-
ing [23] (10 iterations)

Fig. 6. Comparison of different sparse regression algorithms on real data

arrival times are well estimated nevertheless. This is made possible by the fact that we do not wish
to reconstruct the input signal, but rather find some partial information. Further aspects should focus
on the joint estimation of A\ and the energy distribution, as well as the estimation of the activity in a

nonhomogeneous case, and should appear in future contributions.

May 21, 2013 DRAFT

Copyright (c) 2013 |EEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



Thisisthe author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
Thefinal version of record isavailable at  http://dx.doi.org/10.1109/TSP.2013.2264811

IEEE TRANSACTIONS IN SIGNAL PROCESSING 20

APPENDIX A

TECHNICAL LEMMAS

Lemma 1: If AB € C then for all index m € J(3) we have:
Emax

<
and
E2;
min G(i, j)'/2 2 < |GG, |l
2¥) Emax
Proof: For all m € J(B) we have E2. < B Gg,, < E2,.. and on the other hand

min G(i,5) - 1Bulli < BrGBm < P
so the first assertion follows. The second is proved by using the previous result in the following way

< . Ema. .
~ min; j G(4, )

1/2 HGIBmHoo )

This concludes the proof. B

Lemma 2: Suppose a homogeneous Poisson process of intensity A is observed in the interval [0, 7],
and let § > 0 such that A2T'6 < 1. The probability that all interarrival times are greater than § is bounded
from below by 1 — A\2T.

Proof: We compute the probability that one interarrival time is smaller than J. Denote by T, the
n-th point of the process sample path, and by N; the number of points on [0,¢]. It is known (see e.g.

[31]) that

Fy 1) Np=n) (U1, -+ 5 up)
n!
= f(U(l),U@),...,U(n))(UluU2a ey Up) = Tn 0=uo<u; <+ <u, <T'»

where {U(;), i = 1...n} are the order statistics of n independent random variables uniformly distributed

on [0,7]. We get for n > 2 and 2 < i < n that

|
P(T, = Ty—1 < §|Np =n) = % Vol ()
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where €, 2 {0<u; <+ <wup <T; u; —uj—1 < d} and Vol denotes the volume of the latter space.

For all 1 < k < n we set incry = up — ugx—1 (and ug = 0), so it is equivalent to write

Q; ={incry, > 0,1 <k <m;

n
incr; < ¢ and Z incry, < T}
k=1

We have now the decomposition of §2; along the (disjoint) slices defined by incr; =¢, 0 <t < §:

Qi = U Qi(t);
0<t<6
Qi(t) = {incr; > 0, for all j # 1, incr; = t; Zincrj <T -t}
JF
Integrating now along the variable ¢ we obtain:
4 ~
Vol(Q) = / Vol( (1)) dt
0
é (T _ t)nfl 1
=[] ————dt=—[T"— (T - )"
/0 (n—1)! n! [ ( )]

Hence we have P({T; — T;—1 <} |Ny=n)=1— (1 - %)n therefore we get for all n > 2 that

P(T; —T;—1 < ¢ forsome 2 <i<n|N,=n)

o[- 3]

We can of course write that the same probability is equal to 0 as n = 0, 1. Due to the equality Z (n—

n>2
. >
1) x—' = (z — 1) exp(z) + 1, we get by conditioning that the probability that one interarrival time is
n

smaller than § is not greater than

exp(-AT) ) /\:Lfn (n—1) [1 - (1 a ;>n]

n>2

= AT — [\(T = 8) — 1] exp(—A8) — 1

The lemma follows from Taylor inequality. B

APPENDIX B

PROOF OF PROPOSITION]]

In its very essence, the proof follows [17] with mild modifications. We introduce ,BO(T) as the minimizer
of the NNLASSO problem with sparsity parameter 7 > 0 under the additional constraint .J(8(r)) C P.

The aim is to prove that, under the conditions stated in the result, this vector is a global minimizer of
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the unconstrained problem. Due to (18), the Karush-Kuhn-Tucker (KKT) conditions with the additional

constraint are:

A% _
o [Ap B+ 8 +e—Ap By(r)] =rzp, (29)

zp, € (—o0, 17170l

We deduce from (29) the equality 3 — B, (r) = GI_Dol p 2P, — + A7 (6 +¢)]. Using this equality, Bo(r)
will be a global minimizer of NNLASSO as soon as

AT AL (6+¢
]\F;O |:1ApO ;)ol,Po (TZPO — PU(]V)) + 4 +€:| < ?”1?0,

or, equivalently, when

T
AP*O _ APo —1 ‘| (6 + 6)
Py, Py

G G
VN YN Rh VN
< r [1?0 ~ Gy 5 Gplp, zPO}. (30)
For convenience, we now define

Az A
A AP Py -1
=08~ v SnnCam

and denote by H; the i-th column of H. Note that H can be rewritten as

- (- () e (5)) oo

showing that the columns of H are the projections of the normalized columns of AP—O onto the orthogonal

complement of the columns of Ap,. It thus follows that all columns the H;’s have normalized {2-norm
bounded by 1 since this is true for Az-. Due to assumption || it is sufficient that the following condition

holds to get (30):
1
max —=H] (§ +¢€) <rno ; 31)
7

VN

we now use the fact that the random variable HZT e is Gaussian of variance less than o2, consequently:

1
P (max ——Hle > 7”7]0>

i /N 2
Nrng
<N P|He >
(e
vIN
< (N —|P)t (27"%) (32)
o
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In order to make (32) tend to 0, we need that

_ 2V20 [log(N —|P|)p
oo N '

Now we have also \/iﬁHzT d < a by Cauchy-Schwarz inequality, and we have o < r79/2 as soon as

r

r > 2a/no. The result follows.

APPENDIX C

PROOF OF PROPOSITION

We keep the same notations as in Appendix [B| Let » > 0 be any sparsity parameter, and ﬁ(r) be the
corresponding NNLASSO regressor, denoted shortly by fﬂ in the rest of this proof. The KKT conditions,

combined with the inequality derived from Cauchy-Schwarz %ATé < al,y, yields

AT -~
~ |AB-B)+5+¢] <ri.
or, equivalently,
ATA ATe  ATA
T,@ — (’f’ + Oé)]_p]v + T S TB (33)

For some k in P, it follows from (33)) that

1 —~
168l — (r+ @) = 1A Elloo < Gy (19 Bv. (1) lloe-

Define 0 < p < 1; since all the coefficients of the Gram matrices considered are bounded by 1, we have

1
1GBlloc = (r + ) = NIIAszoo

<@=p > Bl +olBy. il - G

1€T, (k)

We can say now two things: first, when 7 + a < |G ||, we have

1GBll o — (r + @)
k . >

1
Pr (NHA{eHOO >

< pt (\/N ||G/Bk||oo2; (r+ 04)) :

secondly, for any column A,, of A which is active in 3, reduces to the equality AWZ (AB+d6+¢e)—r=

f}\;TZAB, and since B has non negative entries it follows that Bn is smaller than %AZ (AB+d+¢e)—m;

now summing up these inequalities overall such n € Supp(BVT(k)) yields

-~ 1
1Bv. ool < 1AV, o A1+

Z (%Age —r+a). (35)
n€Supp(By., (1))
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Since every n € Supp(BVT(k)) can be expressed as n = pl + s with [ in V (k) N J(,B) and s < p, we

have

Pr( > (%Age —r+a) > 0)
WESUPP(EVT(k))

<pr+ D (VN=2),

g

thus (33) yields

~ 1
Pr(1Bv, I < 7 1AT, (1 ABIL)

r—o«

>1—p(2r+ 1)t(\/ﬁ ) (36)

So far, we showed that

1 [I\Gﬁklloo—(TJrOé)
(1= p)|T,(K)] 2

1
- PN”A\T/T(k)A:@HJ

< 3 37
< foax 18l (37

with probability greater than

1 —pt(\/ﬁ ’Gﬁk”oz_

a

(r—l—a)) —p(27’+1)t(\/ﬁr_a).

o
Now, choosing 7 accordingly to (23) and using Lemma [I] yields

1GBklloo = (r +a) EZ; min;; G(i, j)'/?
2 A Epan ’

and if p is taken equal to O the LHS of is greater than 7 as chosen in (22)). On the other hand, the

term %HA‘T,T ()AB[1 can be bounded by means of Lemma [I| as follows:

1
NHAQ(;C)AWlS > Y IGum Buln
1€V, (k) meV, ({1})

<p > > (max Gy gy (4 5) 1Bl
leV, (k) meV, ({1}) ™
< (27— + 1)9]7 Ernax
- minm G(Z,])1/2 '
Therefore, if (23) holds, we introduce

C é Er2nin minivj G(ivj)1/2 o —r— (27 + l)ngmaxp
ne Eraz mini,j G(iaj)l/z
and
pr 2 sup{p €0,1; n< %} (38)
(1= p)|Tp(k)]
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thus inequality shows that if k € Py then there exists m € T, (k) such that

mini,j G(Z, ])

1/2

~ EQ-
Pr(B, 1 = 1) > 1= pt( VN

)

4 Fpax 0
r—o

- (27 + l)pt(\/ﬁ

).

which completes the proof of the first part of Proposition 2l The converse part is proved using a similar
argument as follows. For any k, we denote by Supp(Bk) the set of indices of the non-zero entries in
the vector 3. For k chosen such that ||3,]|; > 7, then for all n in Supp(3;) we have +ATAB =
T+ %AZAEI - %Ag(é + ). Considerations analog to those yielding (35)),(36) allow to obtain:

1 7 Lo
o Lo
neSupp(B,,) n€Supp(B,,)
1 .
+ > NAZAk/Bk
neSupp(B,)
hence
1 . . AR
pr( Y L ATAB > minG(i ) Beln)
n€Supp(B,,) ’
— r—a
>1 - [Bellot(vVN=—=). (39

Now let p in [0, 1], we can write similarly to (34)

L 7
neSupp(B,,)
L7
= > N AnABT, ) + Bz 5)

neSupp(B,,)

< |1Billo (18,11 + PlBF G- oy I1)- (40)

Since by Lemma [I] we have

1 To(k) N Ve (k)| Emax
min, ; G(i,))1/?

leads to introduce the next correlation level, similarly to (38):

18

‘J'p(k)ﬂVT(k)Hl <

u = sup{p € [0:1] ; p[T,(k) NV (k)

7 - min; ; G (i, §)>/?
EmaX
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Thus, (39) implies that whenever ||3,||; > 7, one has

Pr(Po N Tu(k) #0) > 1= [Belot(VN =),

which completes the proof.

APPENDIX D

PROOFS OF THEOREM [I] AND THEOREM

We first prove Theorem (1| : by Proposition [2| we have

Pr (maXPo —a, < max J(B(r,n))) >1

E2. min; ; G(i,j)/?
—nt N —min (2 ’
i <‘ﬁ Ty

o

—p(27+1)t(\/ﬁr_a>

and moreover each of the maximal distinct intervals contained in |J Va, (fj) intersects Fy under

1<j<M

probability greater than

1= Y Bt (VN —=)

keJ (B(r,n))

> 1 B0 ot (VN —=)

thus under the same probability we have I(|J Va, (Tj)) < |Py|, and combining these two results

1<j<M

we obtain the lower bound R

S )

Aopt = ——
Pt Atap+ma:><J(,8(r,77))

which is equivalent to (26) after factorization by A(r, 7).

Theorem [2] is proved in a similar manner. Using again Proposition. (2), we have

Pr(max J(B(r,n)) — a, < max Pp)

max J(B(r,n))

-~ r—o
> 1= 1B, s @ ot (VN ).
o
Using the same argument as above, we also get that

@) =1 U Va, (k)

keP,
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with probability greater than

E2~ . ZG’ S N1/2
1—|Po![pt (m min ity GG, J) )

4 Epax o

—p(2r + 1t (\/Nr;a)]

Now the a,—neighbourhoods V,, (k) for k € P are all disjoint with probability bounded as in Lemma
when taking T'= N At; the result follows
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