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Spectral Pileup Correction and Noise Reduction Using CUDA Multi-Core Parallel Processing*
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Spectroscopy devices suffer from the pulse pileup phenomenon, caused by overlapping of the signals. The
energy-domain based pileup correction algorithm estimates the pulse energy distribution by measuring the du-
ration and energies of pileups directly and does not need to identify each individual pulses. The correction
algorithm can efficiently recovers the energy spectrum even under a very high photon arrival rate. However,
the correction algorithm is sequential in nature and is slow when the energy resolution is high. A fast parallel
implementation of the original correction algorithm is proposed in this paper. The parallel counterpart lever-
ages state-of-the-art many-core system technology and achieves a nearly linear acceleration when the problem
size scales. The speedup ratio exceeds 200 when the energy spectrum is split into 2,048 bins. Secondly, a
low complexity Gaussian noise elimination method is introduced to work on the energy histogram directly and
achieves better energy resolution when Gaussian noise exists. Finally, the algorithm performance limit under

high activity is asymptotically analyzed.

Keywords: gamma, pile up, correction ,parallel

I. INTRODUCTION

Gamma spectroscopy is present in many modern appli-
cations, ranging from astrophysics to medical imaging, and
aims to analyze and use radioactive sources to probe material
properties. In a typical gamma spectroscopy system, after the
energy associated to portions of signals has been estimated,
a spectrum analyzer builds a histogram of the computed en-
ergies, producing a spectrum similar to the one appearing in
Fig. 1. In practice, the main perturbations which cripple the
estimation of the terms of interest are not related to poor elec-
tronics, but are due to the stochastic nature of the recorded
signal. A perturbation called the pileup effect stems from the
random nature of the recorded electrical activity. In practice,
the inter-arrival times between photons can be shorter than
the durations of generated electrical pulses after amplifica-
tion, thus creating clusters of pulses, known as pileups whose
parametric characteristics have also been studied in numer-
ous papers[1, 2]. An example of pileups is presented in Fig.
2. This also causes a distortion of the energy spectrum that
becomes more severe as the activity increases. More specifi-
cally, standard spectrum analyzers consider pileups as single
electrical pulses, and record the sum of the pulses individual
energies instead of each energy separately. Therefore, fake
sum peaks in the energy spectrum can be observed, which
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Fig. 1. Typical energy spectrum obtained from an isotope of Cobalt.
Only the peaks appearing at 1173 and 1332 keV are representative of
the Cobalt, while the continuum and the additional peaks are physi-
cal perturbations (from [13]).

make the final identification of the source more difficult for
the practitioner. This has led to extensive research on algo-
rithms designed to correct these artifacts [3—11].

There are the few known general ways to cope with the
pileup effect referred as pileup correction algorithm[14, 15].
These approaches can be categorized into time-domain based
and energy-domain based methods [16]. The most common
time-domain approach is rejection. More specifically, we de-
tect when pileup occurs and collectively reject all the pulses
which took part in that incident. Such an approach can in-
crease the duration of experiments, and some methods extend
further this approach by compensating for the pulses which
were rejected with the motivation to align the actual activity
of the recorded signal and the activity of the processed, pileup
effect clean signal. Other methods try to correct the estimate
of the activity by introducing a correcting term in the activity
estimator to take into account [17]. More recently it was sug-
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Fig. 2. pileup example

gested to consider the output signal as a linear combination of
known shapes and to relate the pileup effect to a sparse regres-
sion problem [18-21]. Though efficient, these approaches are
limited when the activity of the radioactive source increases
too much. At a more general level, the importance of find-
ing other methods going beyond signal processing of the sig-
nal in the time domain was also noted in [22]. On the other
hand, energy-domain based strategies do not seek to identify
and characterize individual pulses, but rather the pulses en-
ergy spectrum by means of statistical methods[16, 23-25].
Energy-domain based strategies circumvent the need to iden-
tify individual pulses, but still require considerable computa-
tions and do not always satisfy the requirement of real-time
processing.

We consider in this paper the acceleration of pileup correc-
tion algorithm developed in [23]. This recursive correction
algorithm estimates the pulse energy histogram from mea-
surements of the duration and energies of overlapping pulses.
Compared with time-domain algorithms, this approach can
efficiently eliminate the pileup effect even under a high pho-
ton activity. Furthermore, its lower algorithmic complexity
makes it more fitting for real-time implementation compared
with the method presented in [25]. However, due to its se-
quential nature, the algorithm is still slow when the number
of energy histogram bins is large and the energy resolution is
high. In order to cope with this difficulty, we firstly propose
to deploy the NVIDIA GPU (Graphics Processing Unit) tech-
nology to accelerate the pileup correction algorithm. GPUs
are specialized for compute-intensive and massively parallel
computations, and have become the de facto solution for par-
allel acceleration [26, 27]. Custom acceleration of algorithms
using GPU have become prevalent in high performance com-
puting [28-34]. Secondly, since the algorithm version in [23]
is Gaussian noise sensitive, we design a Gaussian noise elim-
ination method that works on the energy histogram directly
and enjoys low complexity. Thirdly, we asymptotically ana-
lyze the performance limit of the algorithm under high photon
activity. The numerical results show that the parallel imple-
mentation on GPU eciently corrects the pileups with a sig-
nicant speedup ratio exceeding 200. The acceleration ratio
remains nearly linear as the problem size scales up. The algo-
rithm also achieves high energy resolution with the existence
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of Gaussian noise.

The rest of the paper is organized as follows. In Section
II, the pulses pileup problem is described and the original
sequential algorithm is presented. In Section III, the Gaus-
sian noise elimination and the parallel implementation is elab-
orated. The algorithm performance under high activity is
asymptotically analyzed. Section IV presents the numerical
results and the conclusion is drawn in Section V.

II. PROBLEM STATEMENT

The response of an X-ray or gramma-ray detector to inci-
dent photons can be modeled as

-3

where the arrival times {7}, k > 1} are unknown and form
a Poisson process with know intensity A, and ®j is the k-
th recorded electrical pulse with duration X}, and energy Y.
We assume that {(X}, Y)), k > 1} is a sequence of indepen-
dent and identically distributed integer-valued discrete ran-
dom variables, independent of {T},k > 1}, with finite ex-
pectation and common probability mass function pxy. In
practice, both X, and Y}, cannot be observed in experiments.
Instead, the pileup’s duration X, and energy Y}/ can be in-
ferred from the experiments (as described in Fig. 2), and the
common probability mass function is denoted by px/ y.

The pileup correction algorithm described in [23] estimates
the marginal distribution of the pulse’s energy py, i.e., the
histogram of the computed energies, given the distribution of
the observed durations and energies of pileups {(X},,Y})}.
We recall it for convenience in Algorithm 1. In this algorithm,
the joint probability mass function px- y- is estimated by a
bi-dimensional histogram on [0, N] x [0, M], where N and
M are the number of histogram bins for duration and energy,
respectively. This algorithm efficiently recovers the pulses’
energy distribution from the histogram of the duration and
energies of overlapping pulses, i.e., the pileups. However,
Algorithm 1 is sequential in nature and it recursively corrects
the probability of each energy bin, which is slow when the
number of energy bins M is large and the energy resolution
is high.

[n— [Ti]] ey

Algorithm 1 Energy domain based pileup correction
algorithm proposed by [23].

1: INIT: y[0][0] < 1, y[n][m] < O for other n,m

2: forn=20,1,...N do
3: form=20,1,... M do
y[n,m] «— e My[n — 1, m]+
n—1 m
L=eMD > yln—1-klpx ykm—1 (2
k=0 1=0
4: end for
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5: end for
6: forn=0,1,... N do
7: form=20,1,... M do
yn,m] 1 & ! n, k

k[n,m] + )\yn o m 2:1 m— k k[n,m—k] 3)
8: end for
9: end for
10: form =0,1,... M do

py(m) « k[N, m] — k[N — 1,m]

11: end for

Algorithm 1 estimates efficiently the energy histogram
from measurements of the duration and energies of overlap-
ping pulses. However, the current sequential execution of
the algorithm implies that its performance can be further im-
proved by parallel optimization. In addition, the algorithm is
sensitive to Gaussian noise, and the collected signal needs to
be pre-processed to effectively filter Gaussian noise.

III. METHODOLOGY

In this section, we first present an energy histogram refine-
ment to eliminate Gaussian noise directly . Then, the multi-
core based pileup correction parallelization is presented. Fi-
nally, the complexity of the parallel version and the perfor-
mance under high photon activity are analyzed.

A. Gaussian noise elimination

In a typical nuclear pulse processing procedure, it requires
to remove background noise from the signal output of the
preamplifier. Filters are essential components that remove
unwanted frequencies from signals. High-pass and low-pass
filters allow only specific frequency range of signals to pass
through while blocking out other frequencies, and are used
widely in electronics such as power supply circuits. They help
to prevent unwanted frequencies from going through certain
components in these systems, thereby minimizing distortion
from noise and interference. For Gaussian noise that spreads
over a wide range of frequencies, it usually requires Wiener
filter, Kalman filter or adaptive filter. However, these filter-
ing algorithms are highly complex and work on the signal
sequence directly.

In this work, we propose to eliminate Gaussian noise from
the calculated energy histogram instead of the original signal
sequence, which significantly reduces the noise filtering com-
plexity. More specifically, the observed signal consists of the
detector output corrupted by noise, i.e.,

F=I+N, @)

where F', I and N represent the signal sequence observed,
ideal signal sequence without noise, and the Gaussian white
noise, respectively.
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Recall that px- y+[n][m] is the estimated bi-dimensional
energy distribution histogram on [0, N] x [0, M] from the
observed signals F. Let px/ y/[n][m] be the estimated bi-
dimensional histogram after Gaussian noise is removed from
F'. When the SNR is good enough and the duration bins in
the histogram are larger than those in the energy, the Gaus-
sian noise has little effect on the time dimension. When the
observation is sufficient, we have

ﬁX’,Y’(X/ = ’I’L|Y/ = m) ~ leyyl(X/ = 7’L|Y/ = m) (5)
According to the related theorems of probability theory, con-
ditional probability can be expressed by the following for-
mula

ﬁX,1Y/ [n] [m] _ ﬁX/,Y’ (X/ - n|Y/ = m)pg// (Y/ = m)
px v [nlm]  pxy (X =nlY =m)py (Y = m)(6)

188 Py (Y’ = m) is the probability that the energy is m in the
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original signal statistics and py/ (Y’ = m) is the probabil-
ity that the energy is m in the original signal statistics after
removing the noise. Their values can be obtained from the
energy spectrum. Set f; and fr are the distribution of I and
F, respectively. Therefore, the energy distribution histogram
of ideal signals can be estimated by

f1(Y! = m)

fr(Y'=m)’ ™

pxryr[n][m] = px: vy [n][m]

The distribution functions fr can be empirically estimated
from the original signal sequence. The distribution function
f1 of the ideal signal sequence without noise can be estimated
as the follows. Let @, ®; and @y be the characteristic func-
tions of F', I and N. From (4), we have

<I)F(u) =

The Target signal is the gamma signals and the characteris-
tic function of noise converges to 0 slowly in the case of low
noise, by rearranging the terms in (8) , we have

Qr(u)®n(u). ®)

CI)F (U)
Or(u) = 9
Ideally, f7 is recovered by taking a Fourier transform
fr(z) = / e ETUED () du. (10)

The characteristic functions @ and ® 5 can be estimated by
the original signal sequence and the pre-collected noise sig-
nals without a radioactive source present, respectively.

This Gaussian noise elimination algorithm only calculates
the statistical characteristics of the signal, which avoids the
difficulty of the traditional filtering algorithm working di-
rectly on the original signal sequence and thus has high com-
plexity, and significantly reduces the computational complex-
ity while still maintaining the same noise elimination ability.
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B. Parallel implementation

It is noticed that the computation of (2) is the most time
consuming step of Algorithm 1. As shown in Fig. 3, the com-
putation of y[n]|[m] involves all y[k][!] for k < n,l < m. In
the sequential implementation of Algorithm 1, each element
of the matrix y is calculated one by one. Therefore the algo-
rithm complexity depends on the size of matrix y, and as the
size grows, the overall algorithm is slow. Fortunately, the ac-
cumulation term Y7 —0 S yln — 11—k, Upxr vy [k, m — 1]
can be parallelized in a many-core GPU environment and the
execution speed is expected to increase.

PX’ " [n}m] accumulations \/[n,m]

'

Fig. 3. CPU-based implementation of equation 2 computation.

We describe the parallel implementation of pileup correc-
tion in Algorithm 2. There are two challenges faced by the
migration of pileup correction to a GPU environment. First,
better parallelism can be achieved by element-wise schedul-
ing for matrix y. The idea is to assign an individual GPU
core to each element of matrix y so that the accumulation
can be computed simultaneously. Fig. 4 illustrates how par-
allelization is achieved by element-wise scheduling. For an
N x M matrix y, NM GPU cores are required and N steps
are executed in order to compute matrix y. At step ¢, the GPU
cores that assigned to elements with row index n,--- , N — 1
calculate its accumulative as in (2) with partial information
obtained from step ¢ — 1. Also, the GPU cores assigned to
elements with row index n will finish the computation of (2)
and their results will be accessed at step ¢ + 1.

The specific implementation steps are as follows:

1. Assign the first row of the matrix.

2. Implement the GPU core calculation method: for the
[i, 7] element y[i, j], the value V on the core [idx,idy]
is overwrited as V' = V +y[i, j]* Plide —i—1, idy — j|

3. Traverse through N x M elements, performing column
traversal for each row.

4. Complete the generation of the target matrix.

As shown in Fig. 4, for an NV x M matrix y, N * M GPU cores
are required and N steps are executed in order to compute
matrix y. At step 7, the GPU cores that assigned to elements
with row index n, - - - , N — 1 calculate its accumulative as in
(2) with partial information obtained from step ¢ — 1. Also,

258 after the GPU cores assigned to elements with row index n
259 finish the computation of (2), their results can be accessed at
260 step ¢ + 1. The pseudo-code of the algorithm is summarized
262 in Algorithm 2.

263 Algorithm 2 Parallel implementation.

264 1: ##Denoising p[][]
65 2: forj=1,...M do

p(j) < Si=y p(i,J)
N@G) + [/ N(p,02)(N + 1 = o0)
268 3: end for

frtpl] = cuf f(pl])
269 cufft{fftNH :cufft(N[])
270 fftp/ H — fftpﬂ/fftN[]

ont Pl < af fe(ffeo'l)
o2 4 fori=1...N do
273 5: forj=1...M do

74 plil[j] « p[l][}a)][;]p (5]

275 6 end for

276 7: end for

27 8: for each GPU core P, ,, do

218 O if n == 0, m == 0 then

279 y[O] [0] +—1
280 10: else

281 y[n] [m] +~— 0
282 11: end if

283 12: end for

284 13: #Compute y[][]

295 14: fori=1,... N do

286 15: for each GPU core P, ., do

287 16: if n > ¢ then

m
y[n,m] < y[n,m]+(1—e?) Z yli—1,px: v [n—i,m—lI]

=0

288 (11)

289 17: end if

200 18: if n == 7 then

291 y[n,m] < y[n,m] + e yli — 1, m]

202 19: end if

293 20: end for

204 21: end for
205 22: ##Compute k[][]
26 23: for each GPU core P, ,, do

y[n, m]
Ay[n, 0]

297 k[n, m] —

208 24: end for

200 25: for j=1,... M do

300 26: for each GPU core P, ., do
01 27: if m > j then

y[nvm B .7]

302 k[n,m] < k[n,m] — %k[n’j] y[n, 0]
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Fig. 4. GPU-based implementation of equation 2 computation.

28: end if
29: if n == N then
py (m) < k[n,m] — k[n — 1, m]
30: end if
31: end for
32: end for

C. Time Complexity

For the original implementation of Algorithm 1, the nested
loop for calculating the matrix y (Line 2 to Line 5) dominates
the time complexity. In the loop, the calculation of y[n, m] as
in (2) involves an accumulation operation of time complex-
ity O(NM), and thus the complexity of the nested loop is
O(N?M?). Therefore, the overall time complexity of Algo-
rithm 1 is O(N2M?).

Regarding the parallel implementation of Algorithm 2, for
each GPU core, it first goes through a loop of N steps (Line
14 to Line 21). At each step, each core runs an accumulation
operation of complexity O(M). Secondly, each GPU core
goes through a loop of M steps (Line 25 to Line 32), and
each step involves a constant number of operations. There-
fore, there are N M GPU cores, and for each GPU core, its
time complexity is O(NM).

D. Performance limit under high activity

The signal processing approaches in the time-domain are
limited when the activity of the radioactive source increases
too much [22]. On the other hand, the statistical approach in
the energy-domain is also limited under high activity. Natu-
rally, as the photon activity continues to increase, the number
of pulses contained in the pileup also increases, and the cor-
responding energy of the pileup also increases. Recall that
we assume that {Y)/,k > 1} is the sequence of the pileups’
energy, and py- is its probability mass function. We can con-
clude the following theorem.
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Theorem 1. For Ve > 0, there exists some value M > 0,
when the activity X\ > N, the probability that the accumulated
energy of any pileup is less than M satisfies

py (Y < M) <e, (12)
where
max(m‘/fj”,lnl) e > 1
N= 201 1
maz (g7, lne) e <1

and e is energy resolution.

The detailed proof can be found in Appendix V. Accord-
ing to Theorem 1, if the desired energy resolution e is fixed,
there exists an IV, when the activity A is greater than N, the
probability that the pileup energy is bounded approaches to
0. In other words, when the activity is too high, a large num-
ber of pulses stack together, so that the accumulated energy
of pileup grows to infinity. Therefore, the energy domain al-
gorithm is limited as well.

IV. PERFORMANCE EVALUATION

In this section, we present performance evaluation of Al-
gorithm 2 both on simulated data and real data collected
from the Shanghai Synchrotron Radiation Facility (SSRF).
Throughout the experiments, Algorithm 1 is evaluated with
an Intel(R) Xeon(R) Gold 6230 CPU, and Algorithm 2 is
evaluated on the same platform with an additional NVIDIA
Tesla V100S PCle 32GB card.

A. Results Based on Simulations

The ideal density used in [23] was used for generating sim-
ulated pileup durations and energies. It consists of a mixture
of six Gaussian and one gamma distribution to simulate the
Compton background. The probability density of the mixture
fy is proportional to

0.5g + 10N (40,1) + 10N (112, 1) + N (50, 2)
+N(63,1) + 2N (140, 1) + N (200, 1),
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where N (u,0?) is the probability density of a normal dis-
tribution with mean £ and variance ¢2. An additional Gaus-
sian noise N (0, 4) was added to the simulated energies to ver-
ify the effectiveness of proposed Gaussian noise elimination
method. The probability density of the gamma distribution is
given by g(z) = (0.5 + 2/200)e~(0-5+2/200) for 2 > 0,
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Fig. 5. Pileup correction by Algorithm 2. =2, 000, 000 photons per
second. N =16, M = 256.

Fig. 5 shows that the energy spectrum is efficiently cor-
rected by parallel Algorithm 2: all the fake peaks (at 80KeV,
152KeV and 224KeV) are discarded, and the obtained es-
timation of the energy spectrum almost perfectly matches
the objective density even with a very high photon activity
of A = 2,000,000. Compared to the original algorithm
without the Gaussian noise elimination in Algorithm 1, the
Gaussian noise elimination method helps to remove the fake
peaks caused by Gaussian noise and improve the peak-to-
background-ratio in the resulted spectrum.

Next, we demonstrate the performance of Algorithm 2 in
terms of execution speed. The speedup ratio p is defined in
(13), where t; and ¢y are the run time of Algorithm 1 and
Algorithm 2, respectively.

p:tl/tg. (13)

Table 1 presents the run time of Algorithm 1 and Algorithm 2
with different combination of energy bins and duration bins.
With duration bin N = 128 and energy bin M = 2048, the
speedup ratio exceeds 200. In Fig. 6, the speedup ratio p is
illustrated. The results in Fig. 6 demonstrates a nearly lin-
ear speedup as the numbers of duration and energy bins N,
M increase. It is obvious that at the current problem scale,
the NVidia V100 has sufficient cores to maximize the paral-
lelism and the execution speed of the pileup correction has
been greatly improved.

B. Results Based on Real Data

We obtained the real signal dataset from SSRF. The ra-
dioactive source is the element Cu-63.The detector used is
Vortex® EX90 Silicon Drift Detector .

As shown in the figure 7, the duration of the real data
is minimally affected by the energy magnitude. With suffi-
ciently good SNR, the noise reduction algorithm is valid.
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Fig. 7. Joint probability distribution of duration and energy magni-
tude

In Fig. 8, we set energy bin M = 256 and the activity rate
A at 1.62E + 5 photons per second. The results reveal that the
algorithm effectively eliminates the pseudo-peak (highlighted
in the red circle) induced by the stacking effect, underscoring
its substantial correction effect on real data. Moreover, the
successful implementation of the algorithm on real data en-
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— After correction

o
o
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10 15 20 25 35 40

Energy(KeV)

30

Fig. 8. Pileup correction by Algorithm 2 on real data from SSRE.
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#energy bins Algorithm 1 Algorithm 2

#duration bins 256 512 1024 2048 256 512 1024 2048
16 45 143 533 2104 21 25 33 48
32 133 510 1956 7836 24 32 47 78
48 282 1081 4312 17271 28 38 61 147
64 492 1898 7760 30399 31 45 73 188
80 743 3094 11844 48001 34 51 87 232
96 1120 4229 16998 68054 36 58 141 340
112 1451 5783 24323 92146 39 64 165 382
128 1865 7554 30524 119913 42 70 185 488

hances the feasibility of its industrial application and broad-
ens its potential applications. This demonstrates that the algo-

rithm transcends theoretical implications, offering significant

practical value at the industrial level.

C. Evaluation of High Activity Rate

Theorem 1 describes the relationship between the energy
resolution ey, the activity rate A and the upbound of the ac-
cumulated pileup energy M. We evaluate this relationship in
Fig. 9. We set the energy resolution ¢y = 1KeV and the
accumulated energy bound M = 3000KeV according to the
Ortec GEM-S detector. Fig. 9 describes the probability that
the accumulated pileup energy Y is not greater than the en-
ergy bound M = 3000KeV with different activity rate A, un-
der the fixed energy resolution ey = 1KeV. We also develop
a Monte-Carlo simulation of pulse pile-up effect in gamma
spectrum to simulate the performance limit under high activ-
ity, which is presented in Fig. 10. The simulation results and
the theoretical results show a similar probability decay trend.
Although the upper limit of the activity obtained by the the-
oretical results is higher than that of the simulated one, this
theoretical analysis still has guiding significance in practice.
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Fig. 9. Theoretical performance limit under high activity rate
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Fig. 10. Simulated performance limit under high activity rate

V. CONCLUSION

The pileup correction algorithm derives an analytical rela-
tion between the probability mass function of the observed
pileups and the probability mass function of the pulses. The
algorithm can efficiently correct the pileup effect, but is very
slow in practice when the energy resolution is high. In this pa-
per, we firstly proposed to accelerate the pileup correction by
GPU coprocessors. We illustrated the difficulties and the so-
lutions encountered when deploying GPU technology to per-
form pileup correction. It is also noted that collected sig-
nals often contain significant Gaussian noise that poses chal-
lenges for correction. We secondly introduced a Gaussian
noise elimination method that directly remove Gaussian noise
from the calculated energy histogram, which significantly re-
duces the noise filtering complexity. Thirdly, we theoretically
analyzed the performance limit of the algorithm under high
activity. The analysis shows that when the photon activity is
high, there exists an energy threshold such that the accumu-
lated pileup energy is no more than this energy threshold with
nearly zero probability. Finally, we evaluated the algorithms
with an NVIDIA Tesla V100S PCle 32GB, which showed
that the pileup correction has achieved a linear speedup on the
GPU. The overall performance of the GPU-accelerated pileup
correction method can outperform its CPU counterpart by a
significantly large factor, more than 200, which is important
in real-time processing nuclear spectrometric data in practice.
It also achieves a better energy resolution in the existence of
Gaussian compared with the original plain approach. Further-
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more, by applying the algorithm to real signals collected from
SSREF, we successfully demonstrated its effectiveness and po-
tential for industrial applications.

APPENDIX
A. Proof For Theorem 1

Proof. In our previous introduction we could model pulse
stacking as a compound Poisson process with rate A. In this
section, constraints of the algorithm will be outlined to limit
the count rate A of the radioactive source. This is done to
ensure that the energy value of the pulse cluster does not be-
come excessively large.We assume that the stochastic process
of the original pulse is A, the compound Poisson process is Y.
It was proposed that

Dy (u) = e 2

) x 18 the characteristic function of X [35].

When the count rate of pulses is too high, the spectrometer
will not return to steady state.For any given energy M, the
probability that the piled energy is less than M approaches 0

Because we’re looking at the lower bound, so eg here rep-
resents the resolution of the nuclear spectrometer

q)A(u) _ ez’ueo

fy [K] is the probability that the energy from the pile is be-
tween k and k + 1,the following theorem is established:

1 m=M-—1 mr
fy _immk
frlk=gap 2 ovlGple ™
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The target value, representing the probability of a specific en-
ergy, is a real number. Therefore, the imaginary part is not
considered in the Fourier transform.

mM -1 mm mm mmk
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We are considering the probability for pile-up,so if k<0,
fy[k] = 0 we consider the sum of pro from k = 1 to k =
M-1,and for the sake of clarity, we establish the following
conventions:

C= %e“*) (14)
gMO::Amnﬂ%gew-—fgﬁf (15)

By substituting Eq 14 and Eq 15 into the original equation,
the equation can be simplified, allowing us to continue the
derivation.

k=M-—1
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S vl < =
k=1 2M

>

k=1

mm
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Since the symmetry of the cosine function

m=M-—1
LHS < ) e MreosCiien) 4 ¢

m=1

Through the application of the double angle formula of
trigonometric functions and the fundamental properties of el-
ementary functions, we obtain:

t
cost — 1 = —23in2§ (16)
when0 <t <m
t ot
sin— > — 17
2 s

so when eg > 1, let t = T and substitute Eq 16 and Eq 17
into the expression:

—M-1 ,
e PG 4 ¢
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et dt +C

For M >0



st9 Now consider the other side, when ey < 1, do the same thing
s20 as above, except t = %eo

M |m
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The following results can be obtained from summarizing the
above steps:
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When A > N

P(Energy < M) =
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